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Abstract 

We construct a duality cycle which provides a complete supergravity description of ge- 
ometric transitions in type II theories via a flop in M-theory. This cycle connects the 
different supergravity descriptions before and after the geometric transitions. Our con- 
struction reproduces many of the known phenomena studied earlier in the literature and 
allows us to describe some new and interesting aspects in a simple and elegant fashion. A 
precise supergravity description of new torsional manifolds that appear on the type IIA 
side with branes and fluxes and the corresponding geometric transition are obtained. A 
local description of new G2 manifolds that are circle fibrations over non-Kahler manifolds 
is presented. 
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1. Introduction 

During the last years there has been tremendous progress toward constructing the 
string theory dual descriptions of large N gauge theories. The first steps in this direction 
were made by considering the conformal M = 4, D = 4 super Yang-Mills theory [jl|] and 
later on more realistic field theories with M = 1 supersymmetry and confinement were 
described in @,H,|| and ||. In a slightly different context, the connection between 
gauge theories and topological string theory was discussed in for type IIA strings and 
in for type IIB strings, the latter leading to the powerful Dijkgraaf-Vafa conjecture by 
which non-perturbative computations in field theories can be performed using perturbative 
expansions in matrix models. 

The seminal work of Vafa || very clearly showed how to embed the topological du- 
ality of into the framework of the AdS/CFT correspondence. The basic idea of 
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was to consider the Af = 1 theory resulting from type IIA superstring theory in the de- 
formed conifold background T*S 3 in the presence of iV D6 branes wrapped around the 
Lagrangian S 3 cycle and filling the external space and compute the corresponding super- 
potential of this theory. On the other hand it was known that the superpotential for the 
field theory living in the four noncompact directions of the D6 branes is described by a 
Chern-Simons gauge theory on S" 3 ||, whose superpotential can be computed in terms 
of topological field theory amplitudes. Therefore, a connection between large iV Chern- 
Simons theory /topological string duality to ordinary superstring theory and the AdS/CFT 
correspondence was established. The idea was soon extended to many more rather inter- 
esting models in § , , |TJ , [TJ] , [TJ , |TJ , JTJ] and |JB|. 



In all the above mentioned models the superpotentials computed by topological strings 
are mapped by the AdS/CFT like correspondences to geometries generated by fluxes on 
the dual closed string side. Since we start with D6 branes, we expect to have RR two-form 
fluxes in the dual closed string solution. These fluxes thread through a holomorphic P 1 
cycle inside a blow up of a conifold. The superpotential is a product between the RR two- 
form fluxes and the Kahler form associated with the four-cycle that is Hodge dual to P . 
It turns out || that open/closed string duality requires another term in the superpotential. 
This term originates from the field theory gluino condensate, as topological open string 



computations imply the existence of a term linear in the gluino condensate ||17| , which 
gets mapped into the size of the holomorphic two-cycle. Therefore one has to have a term 
linear in the size of the holomorphic two-cycle which can be obtained if this is multiplied 
by a four-form. Furthermore, this four-form should be of NS type. 

The quest for this four-form has been the subject of intense scrutiny in the last years. 
As there is no D-brane which can create it, the flux originates from changes in the geometry. 
The best way to understand its appearance is to go to the mirror type IIB picture and 
consider the superpotential 



W = y O A (H RR + <pH NS ), ^ = x+ie" $ , (1.1) 

where x is the axion, $ is the dilaton, Hrr is the RR three-form flux and Hns is the 
NS three-form flux. From here we can go to the mirror type IIA picture and the fluxes 
map into the RR two-form flux and an NS four-form flux respectively. Of course, the main 
question is why would the NS fluxes appear when one starts with brane configurations 
involving only D branes? A partial answer to this question was given in |19[], where the 
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origin of the NS four-form F^ s was related to the fact that the (3,0) form O = Q + + iQ~ 
is not closed for the type IIA compactification, and therefore dtt + ~ F^ s . The fact that 
dQ 7^ allows an extra term in the superpotential J dQ A J , J being the fundamental 
two-form0. Manifolds with the property that the real part of the (3,0) form is not closed, 
while the imaginary part satisfies dfl~ = = d{ J A J) are called half flat manifolds. Half 
flat manifolds are examples of non-Kahler manifoldsi. 

At this point one might wonder, why would a non-Kahler manifold appear as a result 
of a geometric transition from a brane configuration with D6 branes wrapped on a cycle 
of a Calabi Yau manifold? One of the goals of this paper is to give an answer to this 
question. In short the answer is this: the fluxes live on a non-Kahler manifold because the 
D6 branes actually are themselves wrapped on a cycle inside a non-Kahler manifold and 
the geometric transition is a flop inside a manifold with torsion. 

To arrive to the non-Kahler geometry where the D branes are wrapped we start with 
the type IIB solution corresponding to D5 branes wrapped on the resolution cycle P 1 of 
the resolved conifold []20[]. The supergravity solution involves, besides the RR three- form, 
a NS three-form and a RR five-form. These fields are required by the string equations 
of motion. Similarly as in the presence of the NS three-form before the transition is 
a signal that a NS three-form should also exist after the geometric transition has taken 
place. 

As the resolved conifold is a toric manifold we can easily identify three S 1 coordinates 
and take a T-duality in these directions.! @ By applying Buscher's T-duality formulas we 
observe that the NS three-form transforms into the type IIA metric in such a way that the 



1 Notice that this term also plays a crucial role in the S-duality conjecture of [||. 

2 The manifold that we will eventually get in type IIA side later in this paper, will however be 
more general than the half-flat manifold in the sense that both dO^ 0. 

3 The outcome of these T-dualities is different from the ones of pl[1,[p2| and p3|1 where one 
T-duality takes a type IIB picture to a type IIA brane configuration. 

There have been previous attempts to relate the resolved conifold and the deformed conifold 
by starting with the deformed conifold [24|. As the deformed conifold does not admit a T 3 



fibration using this manifold as a starting point may seem more problematic, although, we have 
been informed that there are some papers that overcome this problem |2q|. 
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resulting manifold is not Kahler. II The D5 branes get mapped into D6 branes which are 
wrapped on a three-cycle inside a non-Kahler deformation of a deformed conifold. 

The non-Kahler deformation of a deformed conifold is then locally lifted to M theory. 
The lift leads to a G2 manifold^ which is a deformation of the manifold constructed in 
231, [29], and as such is described in terms of some left invariant one formsB. These 
one forms reduce to the ones of [28], [29] in the absence of B fields and they can be 
exchanged giving rise to a flop transformation. The resulting type IIA geometry describes 
a non-Kahler deformation of a resolved conifold. The non-Kahler deformation has a non- 
closed (3,0) form whose derivative can be used to construct the additional contribution 
to the superpotential J dfl A J. These non-Kahler deformations of resolved and deformed 
conifolds, and the G2 manifolds resulting from their lift to M-theory are, to the best of our 
knowledge, first concrete examples. In earlier literature these manifolds were anticipated 
as solutions of type II and M-theories although no concrete examples were presented. 

To summarize, we propose a new geometric transition in the type IIA theory which 
relates D-branes wrapped on cycles of non-Kahler manifolds and fluxes on other non-Kahler 
manifolds. When lifted to M theory this transition describes a flop inside a G2 manifold 
with torsion, i This would lead to a deeper understanding of non-Kahler geometries. These 
geometries have only recently been discussed in some detail in the context of heterotic 
strings in [p2| , [j33f , f34[], f3l|, [|36|], [|37| and [[38) and also of type II and M theories in |39 

g], |2j, jg, g3 



5 This is a generalization of the notion of the mirror symmetry, where the B field in the type 
IIB picture is traded for a non Kahlerity in type IIA. A similar observation has been made in 



[26] where the generalized mirror symmetry exchange was between a non closed J + iB and a 
nonclosed Q. 

6 By this we mean a manifold endowed with an almost G2 structure. The holonomy however 
is contained in G2. For more details on the almost G2 structure the reader may want to refer to 



the work of [27] and the references given in Appendix 2. 

7 For an earlier discussion of special holonomy spaces like spin(7) and the corresponding one- 
forms, the reader may want to see 



This is related to the recent results of [31]. This paper discusses a topological string model 
concluding that the non-integrability of the complex structure is related to the existence of La- 
grangian NS branes called "NS two-branes" in [p|. In our language, the non-Kahlerity condition 
will be related the existence of the "NS two-brane". It would be extremely interesting to re- 
late this non-Kahlerity appearing in the supergravity description to a corresponding effect in the 
Chern-Simons theory. 
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Our new geometric transition would enrich the "landscape picture" advocated in 
33], [35], [[16] in the sense of extra identifications between branes on cycles of non-Kahler 



geometries and fluxes on cycles of related non-Kahler geometries. 

This paper is organized as follows: In section 2 we give a very brief review on the 
subject of geometric transitions and outline of the calculation that we will perform in this 
paper. Our starting point is the type IIB metric describing D5 branes wrapping a P 1 of a 
resolved conifold and through a series of T-duality transformations and a flop we shall be 
able to describe the geometric transition taking place in the type IIA mirror in great detail. 
In section 3 we give an alternative way to derive the metric using fourfold compactifications 
in M-theory in the presence of fluxes. Section 4 discusses the mirror formulas that we will 
use to get the full background in the type IIA theory. In the absence of fluxes, it is known 
that the mirror type IIA picture involves D6 branes wrapping an S 3 of a deformed conifold 
|J. In section 4.4 we write the metric of the deformed conifold in a simpler way by making 
a coordinate transformation. We will discuss the reason why a deformed conifold may not 
have a T 3 fibration. Section 5 begins the study of the mirror manifold. We will present 
an explicit way to get the mirror manifold in the type IIA theory. We will show that the 
naive T 3 direction of the resolved conifold does not lead to the right mirror metric, which 
can nevertheless be determined by a set of restricted coordinate transformations. These 
aspects will be discussed in sections 5.1 and 5.2. In section 5.3 we will determine the B 
field background and the metric for the mirror manifold will appear as eqn. (5.64) (and 
later as a final metric in eqn. (6.23)). In section 6 we begin our ascent to M-theory. In the 
absence of any fluxes in the type IIB picture, we expect a manifold with G2 holonomy after 
lifting to M-theory. In the presence of fluxes, we will also get a seven dimensional manifold 
which now has a G2 structure and torsion!. The generic study of G2 holonomy manifolds 
has been done earlier using left invariant one-forms [39| . For our case we will also have one 
forms that are appropriately shifted by the background B fields of the type IIA theory. 
Locally these one forms look exactly like the ones without fluxes. However, globally the 
system is much more involved, as we do not have any underlying SU{2) symmetry. The 
M-theory lift of the mirror type IIA manifold is given as eqn (6.24), (6.25). 



9 In this paper we will interchangeably use G2 structure and G2 holonomy. The seven dimen- 
sional manifold that we construct will have an almost G2 structure, although we will not check 
the holonomy here. More detailed discussions will be relegated to part II of this paper. We thank 



K. Behrndt and G. Dall'Agata for correspondences on this issue. See also [47], [48]. 
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After lifting to M-theory we shall discuss the flop taking place in the resulting G2 
manifold. This will be studied in section 7 using the one forms that we devised earlier. 
We shall show that for torsional G2 manifolds the flop is a little subtle. We discuss this in 
detail and compute the form of the metric after the flop. The result for the metric is given 
as eqn. (7.17) of section 7.1. Knowing the M-theory metric after the flop, helps us to get 
the corresponding type IIA metric easily by dimensional reduction. The resulting manifold 
in the type IIA theory is non-Kahler and the metric is given in eqn. (7.18). We show that 
the metric is basically a non-Kahler deformation of the resolved conifold. Interestingly, 
this is a rather similar situation as in the type IIA manifold before the geometric transition 
has taken place, whose metric is a non-Kahler deformation of the deformed conifold. In 
this section we further study some properties of these manifolds like non-Kahlerity and the 
underlying superpotential. We leave a detailed discussion on various aspects of the whole 
duality chain for part II of this paper. We end with a discussion in section 8. 



2. Geometric Transitions, Fluxes and Gauge Theories 

We will summarize here some useful facts about geometric transitions, fluxes and field 
theory results. 

Geometric transitions are examples of generalised AdS/CFT correspondence which 
relate D-branes in the open string picture and fluxes in the closed string picture. There are 
several types of geometric transitions depending on the framework in which we formulate 
them. The type IIB geometric transition, which starts with D5 branes wrapping a P 1 of 
a resolved conifold, has a parallel counterpart in which D5 branes wrap a vanishing two 
cycle of a conifold. This is the Klebanov-Strassler model 0. In fact, these two models have 
identical behaviors in the IR of the corrresponding four-dimensional M = 1 gauge theories. 
However the UV behaviors are different. In the UV the geometric transition models give 
rise to six-dimensional gauge theories, whereas the Klebanov-Strassler model remains four 
dimensional. Both these models show cascading behavior. The cascading behavior in the 



geometric transition models manifest as an infinite sequence of flop transitions [12]. The 



corresponding brane constructions for these models have been developed earlier in [21]. 
The precise equivalences between the two models were shown in |||] using (a) T-dual 
brane constructions, and (b) M-theory four-fold compactifications. We will not go into the 
details of this in the present paper but instead delve directly to the supergravity aspects 
of geometric transitions in both type II and M-theories, with the starting point being D5 
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wrapped on resolution P 1 cycle of a resolved conifold. (For the Klebanov-Strassler model, 
the duality chain is not obvious). Readers interested in the details of the equivalence 
should look up the above mentioned references. Some related work has also been done in 

The figure below gives an overview of the geometric transitions and flops that will be 
discussed in this paper: 



A G 2 HOLONOMY 
MANIFOLD IN THE LIFT 

TO M-THEORY WITH 
(OR WITHOUT) FLUXES 



A M-THEORY LIFT 



D6 WRAPPING AN S 
OF A "DEFORMED" 
CONIFOLD IN TYPE IIA 



FLOP 



GEOMETRIC 



TRANSITION 



ANOTHER G^IOLONOMY 
MANIFOLD FN THE LIFT 

TO M-THEORY WITH 
(OR WITHOUT) FLUXES 



V IIA REDUCTION 



D6 BRANES GONE 
ONLY GEOMETRY IN 
TYPE IIA WITH RR FORM 



A MIRROR 



\/ MIRROR 



D5 WRAPPING AN S 
OF A RESOLVED 
CONIFOLD IN TYPE IIB 



GEOMETRIC 



TRANSITION 



D5 BRANES GONE AND 
ONLY IIB GEOMETRY 
WITH H NS AND Hrr 



Let us elaborate this figure. The type IIB theory, depicted at the bottom left level, is the 
most studied one in different approaches ||, [0 and |J. Here one starts with the field 
theory living on D5 branes wrapped on the resolution P 1 cycle of a resolved conifold. In 
the strong coupling limit of the field theory the P 1 cycle shrinks but the theory avoids 
the singularity by opening up an S 3 cycle inside a deformed conifold. In the figure, this 
is given by a dotted line pointing to the box on the lower right side of the picture, where 
a geometric transition has taken place. The deformed geometry encodes the information 
about the strongly coupled field theory as the size of the S 3 cycle is identified with the 
gluino condensate in the field theory 0. 

There is an analog version of this process for the type IIA string which is depicted 
in the middle line of the figure. This time one starts with the field theory living on D6 
branes wrapped on the S 3 cycle inside a deformed conifold. In the strong coupling limit 
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of the field theory the S 3 cycle shrinks but the theory avoids the singularity by opening 
up a P 1 cycle inside a resolved conifold (given by the next dotted line). As before, the 
complexified volume of the P 1 cycle is identified with the gluino condensate appearing in 
the field theory. 

The transition looks mysterious if seen from ten dimensions but its understanding 
can be simplified by going up to eleven dimensions where it appears as a flop transition 
inside a G2 manifold [4J| as seen in the upper line of the figure. For the above mentioned 
case of D6 branes wrapped on an S 3 cycle, the G2 manifold appears as a cone over a 
quotient of S 3 x S 3 and the flop switches the two S 3 cycles. The type IIB transition has 



also been lifted to an M theory picture involving a warped fourfold compactification ||22|1 . 
Alternatively, by using one T-duality, the geometric transition has also been discussed in 
the brane configuration language in and 

Even though there is a compelling evidence in favor of using geometric transitions to 
describe strongly coupled field theories, there are still some unanswered questions. One of 
them is related to the form of the superpotential (1.1). Intuitively one would think that if 
we start with D branes, the supergravity solution should involve only RR fluxes; but, as 
it turns out, we need NS fluxes, too. In the language of the Klebanov-Strassler model 0, 
both RR and NS fluxes appear naturally as we have fractional D branes but this is not 
obvious in the language of [|J. 

One goal of this paper is to fill this gap and clarify the presence of the NS fluxes. We 
shall start with a known solution for the type IIB configuration with wrapped D5 branes 
on the resolved conifold by including both NS and RR fluxes. This is depicted in the 
lower left box of the figure. We first go up one step by using three T-dualities and as a 
result we get a non-Kahler type IIA geometry located in the middle left box of the figure. 
Then we go up to M theory, obtaining a G2 manifold with torsion. We follow the upper 
arrow by performing a flop inside the G2 manifold and then descend to obtain another 
non-Kahler type IIA geometry. We shall leave the last step and a detailed discussion on 
various aspects of the duality chain, for a future publication as we are mostly concerned 
here with the type IIA geometric transition. 

In the figure the dark arrows represent the directions that we will be following in this paper. 
The dotted arrows represent the connection between two geometries that are related by a 
geometric transition. The duality cycle will therefore be powerful enough to give the precise 
supergravity background for all the examples studied in the literature so far. Notice also 
the fact that the key difference between the work presented here and some of the related 
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work [53 1 is that our starting point involves Dh branes wrapping a resolved conifold and 
not a deformed conifold with fluxes. We believe that a deformed conifold with fluxes does 
not have any obvious T 3 fibration and so a simple Strominger, Yau and Zaslow (SYZ) |[51|] 
analysis may not be easy to perform (see however ||25|1 ). We will elaborate more on this as 
we go along. 

We will begin by describing the first box in this picture (located on the lower left part of 
the figure): the type IIB background. 



3. The Type IIB Background From M-Theory Dual 

The type IIB background with D5 wrapping an S 2 of a resolved conifold has been 
discussed in detail in [2fJ . The metric of the system is shown to follow from the standard 
D3 brane metric at a point on the non-compact manifold. In this section we will give 
an alternative derivation from M-theory with fluxes that at least reproduces locally some 



aspects of [|0| . One of the major advantages of using M-theory as opposed to the type IIB 
theory is the drastic reduction of the field content. The bosonic field content of M-theory 
consists of only the metric and four-form fluxes. Furthermore preserving supersymmetry 
in lower dimensions puts some constraints on the fluxes. The constraint equations are 
generically linear and therefore one can avoid the complicated second order equations that 
we would get by solving equations of motion. 

To be more specific, we shall consider a non-compact fourfold in M-theory with G- 
fluxes. The non-compact fourfold is a T 2 fibration over a resolved conifold base. The T 2 
fibration will be trivial (for the time being) and therefore the manifold is almost a product 
manifold. At this point one might get a little worried by the fact that the trivial fibration 
may force the Euler characteristic to vanish and therefore may disallow fluxes. Of course 
by having a non-compact manifold we may still have the possibility of non-zero fluxes, but 
we can get non-zero Euler number in this framework simply by allowing the T 2 fiber to 
degenerate far away, i.e not in the local neighborhood. There is one immediate advantage 
of having such a fibration. The T 2 torus doesn't degenerate locally and therefore when 
we shrink the fiber torus to zero size to go to the type IIB framework, there will be no 
seven branes (and possibly orientifold seven planes) in our local neighborhood. This will 
simplify the subsequent analysis. Also, having a non-compact manifold allows us to put 
as many branes in the setup as we like. For the compact case, the number of branes (and 
fluxes) is constrained by an anomaly cancellation rule [[52], [^3 . 
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Let us therefore consider a fourfold that is locally of the form M.§ x T 2 , where A4q 
denotes the resolved conifold which is oriented along x 4 > 5 > 6 > 7 > 8 > 9 5 with one of the S 2 along 
x 4 ' 5 and the other S 2 along x 8 ' 9 . The second S 2 degenerates at the radial distance x 7 = 0, 
whereas the other S 2 has a finite size. The coordinate x 6 is the usual U(l) fibration. Using 
angular coordinates in terms of which the metric is generically written, the two S 2, s have 
coordinates and #2>02- The radial coordinate is r = x 7 and the U(l) coordinate is 

ijj = x 6 , the latter being non-trivially fibered over the two S 2, s. The product torus T 2 is 
oriented along x 3 and x 11 , with x 11 = x a being the M-theory direction^. 

In the presence of G-fluxes with components G^ a and G3689, the backreaction on 
the metric has been worked out in |p2|| . The metric picks up a warp factor A which is a 
function of the internal (radial) coordinate only. The generic form of the metric is 

ds 2 = A^ds 2 ^ + A^ 2 d8 2 MeXTa , (3.1) 

where ds^ 12 denotes the Minkowski directions. In case that two covariantly constant spinors 
of definite chirality on the internal space can be found, super symmetry requires the internal 
G-fluxes to be primitive and hence self-dual in the eight dimensional sense0. Finally, there 
is also a spacetime component Goi2m, where x m is one of the internal space directions. 
This component of the flux is given in terms of warp factor as Goi2m = d m A~ 3 ^ 2 . The 
warp factor, A, in turn satisfies the equation DA 3 / 2 = sources. 

Let us replace all the fluxes with M2 branes. This situation has been considered earlier 
in section 4 of ||36|| . The metric of the system is the metric of N M2 branes at a point on 



the fourfold Mq x T 



2 



ds 2 = H 2 2/3 ds 2 12 + tf 2 1/3 ds 2 M6XT2 , (3.2) 



where H2 is the harmonic function of the M2 branes. As discussed in |36[], there is a 
one-to-one connection between the two pictures: the harmonic function in the M2 brane 
framework is related to the warp factor describing the flux via the relation H2 = A 3 / 2 . One 
can easily show that the source equations work out correctly using the above identification 
3§. 



10 As we shall soon see, the coordinates (V>, 0i,(f>i, r) will not be the right coordinates to express 
the local metric. The correct set of coordinate system will be provided in sec. 5. 

11 This is the case we shall be interested in. The generalization to non-chiral spinors on the 



internal space was worked out in J54[ j, |55[ | and |56|| . In this case the primitivity condition is 
replaced by a more general equation. 
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Imagine now that instead of M2 branes we have M M5 branes in our framework. 
These M5 branes wrap three-cycles inside the fourfold. The three-cycles are an S 1 product 
over an S 2 base. We will assume that the M5 branes wrap the directions x a ' 4 ' 5 inside the 
fourfold. The metric ansatz for the wrapped M5 brane is 

ds 2 = Hi ds 2 l2 + H? ds 2 2xS1 + Hi ds 2 6789 , (3.3) 

where H$ is the harmonic function of the wrapped M5 branes, and a, (3, 7 are constants. 
Observe that generically (3 7^ 7 and therefore the metric of wrapped M5 branes is warped 
differently along the S 2 x S 1 and the remaining x 3 ' 6 ' 7 ' 8 ' 9 directions. 

The above discussion was in the absence of any fluxes. Let us switch on three-form 
potentials C a ^> and C378. In the presence of these potentials the M5 branes will contain 



the following world- volume term [57 



s = — - J r lZ r jm r fcri (Fij/ c — Cijk)(Fi mn — Ci mn ), (3.4) 

in addition to the usual source term that contributes a five dimensional delta function in 
the supergravity equations of motion. We have also denoted the field strength of the self 
dual two form propagating on the M5 branes as Fijk- In the absence of three- form sources 
this term would be absent and the equations of motion will only contain a five dimensional 
delta function source related to the M5 branes. In the presence of C fields, the above 
action will induce an M2 brane charge and therefore the delta function contribution to the 
action will become eight dimensional. Therefore the background configuration will be the 
usual M2 brane background, implying that (3 = 7. When reduced to the type IIB theory 
by shrinking the fiber torus to zero size, the metric will locally resemble the D3 brane 



metric obtained in |2(J . Here we have provided a derivation of this metric from M-theory. 



For the M2 brane background the warp factor will satisfy the usual equation ||52|| ,||53| 



1 n 
*DH 5 - 4n 2 X 8 + -G A G = -4tt 2 ^ 5 8 (y - Vl ), (3.5) 

i=i 

where the Hodge duality is over the unwarped metric, n is the number of fractional M2 
branes situated at points y\ in the fourfold and X 8 is a polynomial in powers of the 
curvature that contains information about the seven-branes. 

From the M-theory point of view, our choice of G-fluxes immediately reduces to the 
Hns and Hrr fluxes in the type IIB theory. The fact that supersymmetry requires the 
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G-fluxes to be primitive, implies that the NS and the RR fluxes should be dual to each 
other. This duality gives rise to linear equations in the type IIB theory. As expected, 
notice that the primitivity of G-fluxes in M-theory implies that the form should be of type 
(2,2) |52[| . This means that the NS and the RR fluxes when combined to form a three-form 
Q = Hns + ¥>Hrr with f being the usual axion-dilaton scalar, will be a (2,1) form. This is 
where we face a problem. The (2,1) nature of the fluxes is in agreement with the analysis 
of [|J but unfortunately not with |2(J (see also |58[|). This means that the global geometry 
of |(J breaks susy, and therefore our background derived from M-theory should be the 



right global description and not ||20|| . From the way we derived the background, the metric 



would locally resemble the metric of |2(J but globally there will be extra seven branes (see 
|59[| for the full story). 

To summarize, starting with M-theory we have rederived the form of the metric de- 
scribing wrapped D5 metric in the type IIB theory. The choice of fluxes fixes the complex 
structure to some particular value r. Using this we define a one form dz = dx 3 + rdx a . 
The final background can be presented in a compact form using the notation of [|21J (with 
a = -2/3,(3 = 7 = 1/3) 

d« 2 - H~ 2/s d« 2 + H 1/3 d« 2 

as - n 5 as 012 + n 5 as M( , xT2 ^ 

(3.6) 

G = e 9l A AGi + eg 2 A e^ 2 A G 2 , 



where e# and with i = 1,2 are defined in |2UI]. The forms G\ and G^ also have an 



explicit representation. They can be defined in terms of the remaining forms dz, dr and 
e^p (defined in |20[| ) as 

G\ = f / ' dz A dr + r dz A ew, — c.c, 

(3-7) 

C?2 = t<7 dz A dr — r dz A — c.c, 

where / and g are solutions to the linear equations following from supersymmetry. Observe 
also the fact that we haven't yet fixed the value of r, the complex structure of the x s,a 
torusEl. It is not too difficult to see that the complex structure can be fixed to r = i so 
that we end up with a square torus. The analysis follows closely to the one discussed in 
|3~2]j ) so we will not repeat it here. The fact that fluxes are not constant here (as opposed 
to the constant fluxes in |]32| ) does not alter the result for the complex structure. 
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The complex structure of the base will be discussed later. 
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4. Mirror Formulas using Three T-dualities 

In this section we will determine the formulas for the metric and fluxes -B/vs an d -Bfli? 
of a general type IIA manifold that is the mirror of a six dimensional type IIB manifold 
that is a T 3 -fibration over a three dimensional base. According to Strominger, Yau and 
Zaslow [jSTJ the mirror manifold can be determined by performing three T-dualities on the 



fiber. We shall be using the T-duality formulas of |6(J. Later on we will use our general 
result for the particular case of the resolved conifold. 

4-1. Metric Components 

We will start by determining the metric components of the mirror manifold. Let us 
call the T 3 directions of the lagrangian T 3 fibered manifold with which we start as x, y and 
z. We will be performing three T-dualities |6(J along these directions in the order x, y, z. 



The starting metric in the type IIB theory has the following components 

ds 2 = j^ v dx^ dx v + jx^dx dx^ + j y[l dy dx^ + j zti dz dx M + j xy dx dy ^ ^ 

+ j xz dx dz + j zy dz dy + j xx dx 2 + j yy dy 2 + j zz dz 2 

where /i, v 7^ x, y, z, and the j's are for now arbitrary. After a straightforward calculation 
we obtain the form of the metric of the mirror manifold 

ds 2 = (g^ - G *» G *><- B *» B *A dx » dx v + 2 ( Gxv _ G ZX G ZV -B ZX B ZV \ ^ ^ 

V fizz / V ""zz / 

C* -viiCj -yif B 7.nl3 \ ,i, „ ( n G -, x Gr ~> lt B 7X B 



' zz 



h , ( GV _ ^zy^_ ~ Z y~ ZV j dy ^ + 2 _ ^zx^zy^ ~ ZX ~zy J ^ (/y 

+ + l^dx^ dz + 2^dx dz + 2^dy dz 

zz zz zz zz 



G 2 -B 2 \ o / G 2 -Bl 
~Y; ~ ) dx • [ G w -77: ' 



+■ ( G,, ^rr^ ) + I G mi - ) dy 2 . 

(4.2) 



The various components of the metric can be written as 

+ X jjb xu {jy^jxx jxyjx[i bxybx^ijyi/jxx jxyjxu 

+ b 

xybxv) 



G 



/lis 



+ 



3 xx jxx(jyyjxx Jxy ^xy) 

xx jxybx^, ~\~ b X yj x ^){by U j xx j X yb xl/ -\- b xy 2xv) 

jxx(jyyjxx ~ j xy + b xy ) 

(4.3) 
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q _ jfizjxx - jxyjxz + b Xfl b xz _ (jyyjxx - jxy jxy + b X ybxy)(jyzjxx jxyjxz "H b xy b xz ) 
jxx jxx(jyyjxx ~~ j xy + fysy) 



+ 



(byyjxx jxybxy b X yjx[i)(byzjxx jxybxz b X yjxz) 
jxx{jyyjxx ~ j xy + ^xy) 

Jzzjxx ~ J xz + bl z (jyzjxx - jxyjxz + b xy b xz f 



G Z7 . — 



Jxx jxx(jyyjxx j xy + ^xy) 



xx jxybxz b X yj xz ) 
jxx (jyyjxx ~~ j xy + b xy ) 



xy > "xy; 

2 



(4.4) 



(4.5) 



_ by^j XX b X jj,j X y -\- b X yjjj, X ^ by Z j XX b XZ j X y ~\~ b X yj ZX , . 

Jyyjxx Jxy ' u xy Jyyjxx J xy < u xy 



r-i _ 3xx f-i _ Jyy ^ _ Jxy „\ 

yy ~ j j - ,-2 + A2 ' ^xx~ - . _ - 2 , 2 , ^xy ~ . . _ - 2 , 2 ' ^ ^ 

Jyyjxx J xy ' V xy Jyyjxx J xy \ ^ xy Jyyjxx J xy \ ^ xy 



q bjix ^ (jyyjxx jxyjxz + b X yb x ^)b xy ^ (b y ^j xx j X yb X p, + b xy j x ^)j xy ^ 

Jxx jxx(jyyjxx ~~ j'Jy + jxx(jyyjxx ~ j xy + ^ X y) 



^zx ^ (jzyjxx jxyjxz ~\~ b X yb xz )b X y ^ (by Z j xx j x yb xz -\~ b X yj X z)jxy ^ 

Jxx jxx(jyyjxx ~ j xy + jxx(jyyjxx ~ j xy + ^xy) 

In the above formulae we have denoted the type IIB B fields &s b mni whose explicit form 
will be computed in the next section. We will use this more general formula for the 
particular case of the resolved conifold a little later. Our next goal is to determine the NS 
fluxes on the mirror manifold for the most general case. 

4-2. Bns Components 

For the generic case we will switch on all the components of the B field 

b = b^ dx^ A dx v + b Xil dx A cfa M + b yil dy A cfa M + b Zil dz A dx^ 
+ b xy dx A dy + b xz dx Adz + b zy dz A dy. 
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In the later sections we will concentrate on the special components that describe a 
resolved conifold with branes. After applying again the T-dualities, the NS component of 
the B field in the mirror set-up will take the form 

b = (V + dx » A dx u + ^ + ^g x]z ^ dx ^ A dx 

(b„, + Wz[ gI v]z ) dx " Ad y+ ( B *y + Wz g1 V]Z ) dx A dy (4 - n) 

+ —^dx>" Adz + *^dx A dz + ^P-dy A dz. 
/~i /~i & 

zz 'zz (j ' zz 



Here the G mn components have been given above, and the various B components can now 
be written as 

Ofiu - - 

(412) 

2(jy[fijxx jxyjx[fi "l~ b X yb x [n)(bis}yjxx b v ^ x j X y b X yju\x) 
3 xx (jyyjxx ~~ 3xy 



Y2 b^ z jxx "I - bxfijzx b XZ jfJ,X 

^(jy[^ijxx ~ jxyjx[fi b X yb x [^)(b z ^yjxx ~ &z]xjxy ~ ^xyjz]x) 



+ 



jxx(jyyjxx jxy + ^xy) 



Y2 _ 3jJ,y3xx jxyjxji + b X yb X fi „ _ jzyjxx jxyjxz + b X yb X z -. . x 

3yy3xx J xy ' u xy 3yy3xx J xy ' u xy 



g 3 '(J,x jxy{j/j,yjxx jxyjx/j, ~H ' b X yb x ^i) ^ b X y{b X i_tjxy by^j xx b X yjxz) ^ 

3 xx jxx(jyyjxx ~ jxy ^xy) jxx(jyyjxx ~ 3 X y + b xy ) 



jzx jxy(jzyjxx jxyjxz b X yb X z) ^ b X y{b X zjxy by Z j X x b X yjxz) ^ 

jxx jxx(jyyjxx ~~ jxy + b xy ) jxx(jyyjxx ~ jxy + ^xy) 



Bxy = . . _ bxy 2 Mh2 ■ (4.17) 

3yy3xx 3xy 
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In the above analysis, there is one subtlety related to the compactness of the x,y,z 
directions. The type IIB B fields defined wholly along these directions, i.e. B yZ7 B zx and 
B xy , should be periodic. This would mean, for example, if we specify a value of B yz as 
(say) a yz then this should also be equal to — a yz because of periodicity. This implies that 
the values of B yz ,B zx and B xy found in (4.14), (4.16) and (4.17) are ambiguous up to a 
possible sign. Later on we shall use consistency conditions to fix the sign. 

Furthermore, observe that we haven't yet discussed how the RR B fields look like in 
the mirror set-up. We will eventually compute the form of these fields when we perform the 
M-theory lift of the type IIA mirror. We also need to see how the fermions transform under 
mirror symmetry. This will be important in order to understand the complex structure of 
the mirror manifold and to check whether it is integrable or not. This will be discussed in 
the sequel to this paper. The string coupling constant in the type IIB theory and the one 
in the type IIA mirror are related in the following way 

9A = 9B (4.18) 



\J (jxxjyy j xy + b xy ) Gzz 



where we have defined G zz in (4.5). This coupling constant is in general a function of the 
internal coordinates. 

4-3. Background Simplifications 

The background given in the above set of formulas can be written in a compact form 
which will be helpful to see the fibration structure more clearly 



ds 2 =-^-{dz + B^dx" + B xz dx + B yz dyf - -^-(G z „dx^ + G zx dx + G zy dyf 

^ zz *J ' zz 



+ G^dx^dx" + 2G xv dxdx v + 1G yv dydx v + 2G xy dxdy + G xx dx 2 + G yy dy 2 . 

(4.19) 

The above compact form can be simplified even further for the particular example we 
are interested in. More concretely the G mn components (m, n = fi,x, y, z) become rather 
simple if one assumes the following choices of j mn , b mn 

Jux = 3[xy = j^z = 0; b xy = b zx = b zy = 0; b^ v = 0. (4.20) 

In this case the negative components in the metric vanish. The above assumption implies 
that the type IIB metric of a D5 wrapping an S 2 of the resolved conifold has no off-diagonal 
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components. This can be easily checked and we shall elaborate this further later on. The 
type IIB b field choice tells us that off-diagonal components are allowed but the cross terms 
vanish. This can also be verified easily. With this choice of type IIB metric the metric 
components of the mirror take the following form 

y~i - . bx^bxjj (py^jxx bxfijxy^jiPyjyjxx bxvjxy) r\-i\ 

^fiiy — Jfiiy H : I : p. : r^p , l 4 -^-U 

Jxx Jxx\JyyJxx Jxy) 

G^ z = G zx = G zy = 0, (4.22) 



/^i _ 3yy _ 3xx ^ _ . _ j X z _ (jyzjxx jxyjxz) nn\ 

^xx . -2 > ^*yy • - -2 ' "zz Jzz ■ / . -2 \ 5 yi'Ad) 

Jyyjxx Jxy Jyyjxx 3 X y Jxx Jxx\JyyJxx Jxy J 



G xy = . . 3xy _ - 2 , (4.24) 

Jyyjxx ] X y 



f~i bp,x . (byfijxx bx/j,jxy^)jxy ^1 ^y^ijxx ^x^ijxy / , nr\ 

t*fix — 1 : — p : • 2 \ > u Vfi ~ ■ : p~2 ' K^.ZO) 

Jxx Jxxyjyyjxx Jxy) Jyyjxx J X y 

On the other hand, the B fields appearing in the metric and fluxes (not to be confused 
with the B fields in the type IIA picture) take the form 

iV = Bvi* = Bx» = &xy =0, (4.26) 

Y3 7 , bxy,jxz {jyzjxx jxyjxz){b^yjxx b^ x jxy) „y\ 

Jxx Jxx\JyyJxx Jxy) 

Y, jzx jxy(j zyjxx jxyjxz) y, jyzjxx jxyjzx no \ 

Ozx = ~ : — p. : _ . 2 n , &yz = : : — % • l 4 -^°J 

Jxx Jxx\JyyJxx Jxy) Jyyjxx J X y 

Using the above choices of G mn and B mn one can easily show that all components of the 
mirror NS flux vanish, B mn = 0. 

Naively one would expect that the background of the mirror manifold that we just 
derived corresponds to a deformed conifold of || in the presence of fluxes. In order to see 
the relation to the deformed conifold our mirror background can be simplified further. But 
before doing so, let us rewrite the deformed conifold background of in a suggestive way 
so that a comparison can be made. 
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4-4- Rewriting the Deformed Conifold Background 

The metric of a D6 brane wrapping a three cycle of a deformed conifold has been 
discussed earlier in |TE|. Let us recapitulate the result. To obtain the metric, one defines a 



Kahler potential T as a function of p 2 = tr(WtW) with W being a complex 2x2 matrix 
satisfying det W = — e 2 /2. The quantity p is basically the radial parameter and e is a real 
number. The generic form of the Ricci flat Kahler background is determined from (see |52| 
for details) 

ds 2 = T' tr(dWUW) + T" \tr(WUW)\ 2 , (4.29) 

where the primes are defined as T' = dJ- /dp 2 and the determinant of the deformed conifold 
metric is given by e _8 (p 4 — e 4 ) 2 . For a Ricci flat metric T' becomes equal to 

(v^e)-f(2eVy^W-2e 6 ch^^/e 2 )) 1 / 3 

In this form it is not too difficult to write the metric of a bunch of D6 branes wrapping 
the three cycle of a deformed conifold. If we take the limit p — > e the metric becomes the 
metric of an S 3 space. The generic form of the wrapped D6 metric is 

ds 2 = Ao dsl 123 + At dp 2 + A 2 ds\ + A 3 ds 2 2 + A 4 ds\ + A 5 ds% (4.31) 

where Ai are some specific functions of the radial coordinate p 2 and the metric components 
dsi are given by 

ds\ = (dip + cos6*i d(j)\ + cos#2 dfa) 2 , 

ds\ = d6\ + sin 2 6>i d<j)j, ds\ = dQ\ + sin 2 6> 2 d<f>l, 

ds 2 = 2 sin-0 {d<pid&2 sin6>i + dfadOi sin6*2) + 2 cos^ (d9\d02 — d<pid<p2 sin^isin^). 

(4.32) 

The appearance of simp and cosip in the above metric is a little disconcerting as the 
expected U(l) symmetry acting on ip as ip — > ip + c is not present [ |24| . This means that 
the deformed conifold cannot be written as a simple T 3 fibration over a three dimensional 
base. An immediate consequence of this is that the usual SYZ technique cannot be applied. 
On the other hand, D5 branes wrapped on a resolved conifold do have the required U(l) 
isometries related to constant shifts in ip, (pi,(p2, so that we can perform three T-dualities 
and obtain the mirror manifold, as we are doing in this paper. The T 3 fibration corresponds 
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to the ip,(f)i,(f)2 torus. In the notations of the previous subsection, (-0,01,02) — > (z,x,y) 
for the type IIB resolved conifold (we will give a more precise mapping soon). 

In order to compare the deformed conifold metric with the metric obtained for our 
mirror manifold, let us assume that we fix the value of ij) in ds^ in (4.32) as ip = "0o- It is 
then convenient to perform the following change of coordinates 62, 02 : 

/ sin 9 2 d(p 2 \ ( cos i/j q sin i/j \ ( sin 2 d<j) 2 \ 
V d0 2 J^\-smi; Q cos^oA d9 2 /' 

with the other coordinates 0\ and 0i remaining unchanged. Although identical in spirit, 



the above transformation is different from equation (2.2) of ||24j| . Under the transformation 
(4.33), the metric component ds 2 changes to 

ds 2 3 2d0! d0 2 - 2sin X sin 2 #1 #2, (4.34) 

so that the ipo dependence is completely removed. Although this may mean that we regain 
the U(l) isometry but this is only because of the obvious delocalisation procedure. In 
general, for non-constant ip in (4.33), the ip dependence would enter into ds 2 in such a 
way that a shift in the other coordinates would fail to remove it. Observe that the metric 
components ds\ and ds\ remain unaltered. 

To summarize: the above observation tells us that a simple T 3 fibration of a deformed 
conifold does not exist. In a new coordinate system (which is discussed in ||24|| ) it might 



be possible to regain some of the U(l) isometries, although a SYZ description of the 
corresponding mirror appears futile (see for some proposals to reconcile this were 
given). Nevertheless, the above change of coordinates will be useful to understand the 
type IIA mirror background and compare the metric with the expected deformed conifold 
metric. 

In the following we will rewrite the metric (4.31) in such a way that it can be mapped 
to the mirror manifold obtained by using three T-dualities. The readers interested in the 
type IIA mirror background may want to skip this part and go directly to the next section. 
If we define a warp factor h = h(p) then the generic metric of D6 branes wrapping a three 
cycle of a deformed conifold can be written as 

ds 2 = h a dsl 123 + hP dr 2 + /i 7 ds\ + h s (ds 2 , + ds\) + h p dsj, (4.35) 

where a, f3, 7, p are the various numerical powers for the wrapped D6 branes (compare with 
the previous formula (4.31)) and dsi (i = 1, 2, 3) are defined earlier. We have also taken a 
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slightly simplified case where corresponding to As = A4 in our earlier notation, as this is 
the case we are interested in. The above metric can now be written in a more suggestive 
way 



33 



ds 2 =h a dsl 123 + (h p / 2 dr) 2 + K 1 (dip + cos 9 X d<p x + cos 9 2 d(p 2 ) 2 + 
+ (h 5 - h p ) (sin ip sin 9 X d(p x + cos ip d9 x - d6 2 ) 2 + 
+ (h s - h p ) (cos ip sin 9 X d(p x - sin ip d9 x + sin 9 2 d(p 2 ) 2 + (4.36) 
+ (h s + h p ) (sin ip sin 9 X d<p x + cos ip dd x + d6 2 ) 2 + 
+ (h s + h p ) (cos ip sin 9 X d(f> x — sin ip d6 x — sin 9 2 d(j) 2 ) 2 . 

The above metric cannot be the full global picture, as we know that the corresponding 
type IIB manifold has extra seven branes. Thus we have to add extra six branes in this 
scenario to complete the picture. However we can still study the local metric using different 
set of coordinates that are more suited for this case. Our next goal therefore is to rewrite 
this metric in terms of the T-dual coordinates x,y,z that we used earlier to get the fields 
of the mirror manifold, by using the identification (-0, 0i, <p 2 ) — > (2, x, y) and n,u = 6 X , 9 2 . 
Omitting the r and the <isgi23 term, we might expect the metric (4.36) can be written as 

ds 2 = W (dz + f] x dx + f zy dyf + (h s - h p ) (f xx dx + fa dx p ) 2 + 

+ (h 5 - h p ) {f yy dy + f xy dx + f Xix dx p f + (h s + h p ) (fl dx + f Xfl dx p ) 2 + , 
+ (h s + h p ) (4° dy + fl l y dx + fH dx p ) 2 

(4.37) 

where /^ n , i = 1, 2, ...,12, m, n = x, y, z can be easily related to the coefficients in (4.36) 
once the precise relation between (ip, (f) X , (f> 2 ) and (z,x,y) is spelled out. Having written 
the metric in the form of (4.36) still does not tell us that D6 branes wrapped on S 3 of 
a deformed conifold should have a T 3 fibration, because of the appearance of sin ijj and 
cos ijj in the product. On the other hand writing the metric in the form (4.37) will help us 
to relate it to the mirror metric that we derived in the previous section. We will do this 
in the next section. 

Let us comment a little more on the transformation (4.33). As mentioned earlier, this 
transformation with non-constant ijj would remove the if) dependence in ds^ and bring it 
to the form (4.34). However the dip fibration structure will now change because cos 9 2 d(p 2 
changes under (4.33). The change will generically introduce some terms proportional to 
d9 2 in the dip fibration structure. The precise change will be 

cot 6*2 dy — * cot 9 2 (cos ip dy + sin ip d9 2 ), (4.38) 
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where 8 is the change in 8 under the transformation (4.33). Now the change (4.38) explicitly 
introduces the ip dependence in the fibration structure but removes it from the other parts 
of the metric. In the delocalized limit, the ip values are basically constant and therefore 
can be approximated by constants. This is the only assumption that we will consider 
at this stage. Under this assumption the d9 dependent term appearing in the fibration 
structure (4.38) can be absorbed by a shift in dip as dip — *> d(ip — a In sin 62), where 
we have approximated 9 by 9 and a is a constant. Under this transformation and in the 
derealization limit the dip fibration structure does not change too much from its original 
value. In this way we can recover a simplified form of the deformed conifold metric. 
Observe that this doesn't mean that we generate a U(l) isometry in a theory that didn't 
have an isometry before transformation. We can only get the metric with ip isometry in 
the derealization limit. 

Thus to summarise, we can get rid of the ip dependences in dss by restricting to 
a specific value of ip, i.e ip = ipo = (ip). This choice of ip can be easily obtained from 
the mirror map (that we are going to discuss in the next section). The mirror can be 
determined from performing three T-dualities along the z, x and y directions. T-dualities 
require that we delocalize the z, x and y directions. Since the resolved conifold metric 
is already independent of these directions, delocalizing simply amounts to setting ip = 
ipo = (ip) in (4.33) when we do the transformation. A somewhat related discussion on 
the transformation of ds\ has been given in [63]. Therefore we will consider the specific 
delocalized limit of the deformed conifold where the ipo dependences in ds^ will appear 
from (4.34) by applying (4.33). Later on we will argue how generic value of ip can appear 
in the metric. 

For completeness and since we will need these expressions for later comparison we 
will list the expressions for the vielbeins describing D6 wrapped on an S 3 of a deformed 
conifold without any additional six-branes as: 



< 


= y/h+ cos ip sin 8±, 




— yhjf sin ip, 


e 4>2 - \ 


/ h+ sin 62 


2 


= \fh+ srn V* sm $1) 


4 = 


y/h+ cos ip, 


4 = v 




4, 


= \fhl cos ip sin 6±, 




— ^/h~ sin ip, 


p 3 - , 


I h- sin 82 


< 


= y/h- sin ip sin 81, 




\fhl cos ip, 


<=- 


\fhl 




= VJrv, ej x = Vh^ cos 


e u e 


l 2 =Vh^ COS 




sfhP 


where h+ = 


= h 5 + h p and h- = h s 


- hp. 


Once we express these vielbeins usin 



(4.39) 



coordinates, many useful properties of the background such as the fundamental form, 
holomorphic three form etc., can be easily extracted. 
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5. Chain 1: The Type IIA Mirror Background 

In this section we will determine the exact form of the mirror manifold and apply our 
generic formulas to the special case D5 branes wrapping a resolved conifold in the type 
IIB theory We will find that the manifold is not quite a deformed conifold in the presence 
of fluxes as one would have naively expected, rather it will turn out to be a non-Kahler 
manifold that could even be non-complex. 

To determine the precise form of the manifold let us first present the metric for D5 



branes wrapped on an S of a resolved conifold. It is given in [20] in the following form 



ds 2 = h~ 1/2 dsl 123 + h 1/2 'j'dr 2 + -^'r 2 (d^ + cos 6 t d(pi + cos 9 2 d(p 2 ) 2 + 

11 1 W 

+ -j(d6 2 + sin 2 6 1 d<pj) + -(j + 4a 2 )(d6 2 + sin 2 6> 2 # 2 )J , 

where we have used the notations of [2D] and 7 is defined as a function of r 2 onlyllll. The 
presence of wrapped D5 branes in the metric is signalled by the harmonic function h 
whose functional form can be extracted from [jSOj. Observe that the parameter a creates 



an asymmetry between the two spheres denoted by 9\, (pi and #2, (p2 • As discussed in |2C 
for small r (the radial coordinate) the S s denoted by ip, 61, (pi shrinks to zero size whereas 
the other sphere remains finite with radius a. This is the resolving parameter. As can 
be easily seen, when the resolving parameter goes to zero size, the manifold becomes a 
conifold, and the metric works out correctly. Furthermore, the curvature remains regular 
all through. Notice also that the metric (5.1) has three isometries related to constant 
shifts in tp,(pi and <p2 as %p — » %p + ci,</>i — > 0i + C2,</>2 — ► 4>2 + C3. But there are no 
isometries along r, Q\ and 62 directions because of the warp factors and the dtp fibration 
structure. Therefore there is a natural T 3 structure associated with ^,01,02 directions. 



This T 3 could be a special lagrangian submanifold if the global metric of [20j preserve 



supersymmetry (see also |>|]). A direct way to see this would be to evaluate the condition 
required for a cycle to be lagrangian. Alternatively, one can see that the (pi, <p2 directions 
lead to a brane-box configuration after two T-dualities [53|. This configuration preserves 



susy when the size of the resolution circle is zero. Furthermore, there a T-duality along 
ip direction has been shown earlier to lead to a susy preserving configuration ||65|| . Thus 



1 ' We have also defined the radial coordinate r and 7' in the following way: 7' = = | ^^4^° 



and the Ricci flatness condition gives rise to the equality r = y 7^/7 + 6a 2 . 

22 



01 j 02 lead to a lagrangian submanifold that preserves susy after three T-dualities in the 



conifold limit. Unfortunately the global metric of [|(J do not preserve susy pq] , but our 
M-theory configuration does. In sec. 3 we showed that the fourfold would preserve susy 
with primitive fluxes. We took a fourfold that locally looks like a product manifold of a 



T 2 fiber and a resolved conifold base. It is now clear |5{J that globally the manifold will 



preserve susy when the fiber degenerates over the base. This means that we would require 
seven branes, and the base will be Kahler instead of a Calabi-Yau manifold. The product 
structure of sec. 3 should then be regarded as though we have moved the seven branes far 
away. In fact this is exactly how we can study pure M = 1 SU(N) gauge theory! This 
way one might expect the three cycle (i/j, 0i, <p2) would form a Lagrangian submanifold on 
which we can do T-dualities. However, as we will see below, the T-duality directions are 
not the naively expected isometry directions. The T-dualities in this scenario are a little 
subtle as we now elaborate. 

To begin, we need to first convert (if), (pi, <p2) into suitable coordinate system by which 
we can express our local metric and also perform the mirror map, as the original coordinate 
choice do not suffice (see our recent work |)9) for details). Since the global metric of [p0 | 



break susy, we can only trust the local metric; and then add seven branes to make the 



system super symmetric. The full global picture is now understood in |p9| . Thus to write 
the local metric, we can use the T-duality coordinates (z, x, y) that we referred to in the 
previous section. Therefore we shall use the following mapping to relate the above metric 
to the one presented earlier 

(x,y,z) -> (</>i, </> 2 ,V0 5 

(dx,dy,dz) = Q>A 1/2 7 sin (#i> #1, ^\A 1/2 (7 + 4a 2 ) sin (0 2 ) dfc, ^y/yh 1 / 2 #J ■ 

(5.2) 

where we have picked a point (ro, (9i), ^0) to define (5.2). To avoid clutter 7 = 
7(7*0), 7' = 7 / ( r *o), h = h(ro) henceforth unless mentioned otherwise. The physical meaning 
of x, y, z can be given as follows: under a single T-duality along ifi, the system maps to 



an intersecting brane configuration [21], [22], [S3]; x,y and z form the coordinates of the 
branes. More precisely, we are in fact converting the two spheres with coordinates ((pi, 61) 
and (02, Q2) to tori with coordinates (x,$i) and (y, 62) respectively. Recall that a sphere 
is topologically the same as a tori with a degenerating cycle (i.e. if we shrink one of the 
cycles of the T 2 to zero size then this would be topologically the same as a sphere) and 
therefore this mapping would be locally indistinguishable (but will not have the full [0, 
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2n] isometries of <pi in (5.1)). Furthermore, this mapping will be particularly useful to 
perform many simplifying manipulations later in the paper which are otherwise difficult in 
the absence of the full global metric. The local metric will become [ |5T?| |: 



dr 2 + \dz + 




— r cot (0i) dx + a — 

7 V (7 + 4a 2 ) 



r cot (62) dy + 



d9l + 



+ 



^ + f )VK dej + dy* 



(5.3) 



+ .... 



where we see that the two tori are square tori. We have to soon modify this further, but 
before that let us find the effect of the seven branes in this scenario. Locally, if we keep 
the seven branes very far away, then the metric will be (5.3). When the seven branes are 
somewhat nearby, but still far away so that we can study pure Af = 1 SYM, we can keep 
the radial direction delocalized, but 0, arbitrary, i.e (r , (0j)) — > (ro,9i) in (5.3). With 
this map, we can now write the various components of the wrapped D5 metric: 



Jzz — 

3yy = 

Jzx — 
Jxy = 
.70101 



1 2 1 

1, j xx = H r cot 0i, 

7 

^ r ° C ° t2 



1 + 




— r cot 0i, j zy 



r 



7 + 4a 2 



r cot 2 , 



(5.4) 



7' 



^7(7 + 4a 2 ) 



7*o COt 01 COt 02, j r 



7 



'a 1 / 2 , 



-jh 



1/2 



J0202 



^/i 1 / 2 ( 7 + 4a 2 ) 



with the rest of the components zero. The B^s fields on the other hand have the following 
components (see also sec. 4 of |p0|): 



b = Ji d0i A dx + J 2 d6 2 A dy 



(5.5) 



with the rest of the components zero and Ji are now functions of the radial and the angular 
coordinates globally, i.e (r, 61,62) although we have used local coordinate differentials to 
write b over a given coordinate patch. In the B field was only function of the radial 
coordinates. Here since we converted all the spheres in the metric to tori, we will keep 
B as a generic function of (r, 0i, 02) to preserve supersymmetry globally. Notice also that 
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the choice of the B field and the metric is consistent with the assumptions that we made 
in the previous section, namely b xy = b yz = b zx = and the cross term j( x ,y,z)/j, = 0- The 



small and the large radius behavior of 7 is PO 



7n^0 = ~^rrl - -Lr 4 + 0(r o 6 ), 7ro _ = - 2a 2 + 0{r~^) (5.6) 

and so we can use the first relation to define 7(Vq). In the above set of components 
(5.4), if we ignore the overall h 1 / 2 dependences, observe that for small r (which we will 
concentrate on mostly) 7 is a small quantity, and thus terms like j~ x (which we will 
encounter soon) could be expanded in powers of 7 (or r), because the 6i dependences 
can be made generically small. We will however try to avoid making approximations and 
concentrate on the exact values as far as possible. 

Before moving ahead one comment is in order. The metric of D5 wrapping an S 2 
of a resolved conifold has no jd 1 e 2 component, i.e. no dQ\dQi cross term. However, our 
anticipation will be to have such a cross term in the mirror, see e.g. (4.32). We know that 
T-dualities cannot generate such terms (in the absence of B fields). In the presence of B 
fields, as we show below, cross term of the form dQ\dQi do get generated. However these 
cross terms combine together with dx and dy terms (as will become obvious soon) and 
therefore do not generate the single ddxdQi term. We will discuss a way to generate this 
later. 

The expected mirror manifold will have the following form of the metric (4.19): 

ds 2 =-^—(dz + B^dx^ + B xz dx + B yz dy) 2 + 

&zz ' (5.7) 

+ G ^dx^ dx v + 2G xu dxdx u + 1G yv dydx v + 2G xy dxdy + G xx dx 2 + G yy dy 2 . 

The dz fibration structure is more or less consistent in form, so lets check whether the 
components work out fine. By denoting 

a = jxxjyy ~ j xy + ° xy = jxxjyy ~ j xy i (5-8) 



we write: 



B xz = -a j xz = a r cot 6>i 




B yz = -a j yz = -\\ - ^ 4a 2 a r o cot #2 
Bfiz b^ z -\- OL(b x ^j xz -f- b y ^j yz ^. 



(5.9) 
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This can combine together with (5.9) to give the following fibration structure: 



(dz - b Zfl dx^) - a j xz (dx - b x9l d$i) - a j yz (dy - b y o 2 d6 2 ) (5.10) 

where we have kept the B field component b^ z . The above form of the fibration is highly 
encouraging because it looks similar to (4.36). And since a = 1+ higher orders, up to 
those terms we seem to be getting the fibration structure in somewhat expected form. 
Let us now look at other terms. 



G xx — Oi 3yyi Gyy — OL jxx 

(5.11) 

G j iiv ~l~ ^(jyy bxfi b xl/ ~~\~ jxx ^yj-i ^yv jxy(by/j, b xv ~\~ b X fi ^yvf) 

The existence of cross terms in the above formula is very important. This tells us that 
we can have components like Gg 1 o 2 . Such terms do exist in the usual deformed conifold 
metric and are absent in the resolved conifold metric. The other terms will be: 

fi ~3xy _ 

Jyyjxx Jxy^ u xy (5-12) 
Gx[i — ®-(jyy b^x "t - j xyby^i) , Gyn Cl(jxx b^y -\- J xybx^i) 

Again, the existence of cross term is important, they will give rise to components like G X 9 2 
and G y g 1 . Such terms are not present in the resolved conifold setting, but do exist in the 
deformed conifold metric! Finally there is the zz component 

G zz = a (5.13) 

The above term is again of order one. Let us furthermore introduce the shorthand notation 

j xz = A = A 1 cot 0i, j yz = B = A 2 cot 2 , (5.14) 

with Ai(ro) and A 2 (ro) being warp factors. Now combining everything together we get 
the following mirror manifold: 

ds 2 = gi [(dz — b zll dx^) — a Ai cot 6\ (dx — b x e 1 dOi) — a A 2 cot 2 (dy — b y g 2 de 2 ) + ..] 2 + 
+ g 2 del + 93 del + 94 (dx - b x9l d0i) 2 + 
+ 95 (dy - b y g 2 de 2 ) 2 - gi (dx - b x6l d9 1 )(dy - b y g 2 de 2 ) 

(5.15) 
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where gi = gi(r = tq, 61,62) are some functions of vq, 6\, 62 coordinates and can be easily 
determined from our analysis above. They are given as 



-1 



'jVh (7 + 4a 2 )v / /i 



91 = a ' 92 = — 93 4 (5.16) 

#4 = a j yy , g5 = aj xx , g 7 = 2a j xy . 

At this point let us compare our metric (5.15) to the metric of the wrapped D6-branes 
on S s of a deformed conifold. The generic form of that metric is given by (we take the 
delocalized metric in (4.32)) 

ds 2 = gi (dz + Ai cot 61 dx + A 2 cot 6 2 dy + ..) 2 + 

(5.17) 

g 2 [d6\ + dx 2 } + g 3 [d6\ + dy 2 } + g 4 [d6 t d6 2 - dx dy} 

where gi are again some functions of tq, 61, 62 that could be easily evaluated. Let us now 
compare the two metrics: 

• As a general rule, everywhere where we would expect dx or dy, they are replaced in 
(5.15) by the appropriate ^-dependent fibration stucture (dx — b x g 1 d6i) or (dy — b y g 2 d62), 
respectively. In fact, this non-trivial fibration will be responsible for making the manifold 
(5.15) a non-Kahler space, as we will show later. If we define dx = dx — b x g 1 d6i and 
dy = dy — b y g 2 dd2 for constant b x g 1 and b y g 2 , we find agreement between (5.15) and (5.17) 
in all terms involving dx and dy, up to differing warp factors. 

• We also see that the d6\ d&2 cross term is now entirely absorbed in the fibration structure 
and there is no single d6± d&2 term in (5.15). Whatever d6\d62 terms are generated actually 
combine with dx and dy to give us the independent fibration, and therefore no extra d6\d62 
term appears. 

• Apart from the dx- and <iy-fibration mentioned above the dz fibration structure of both 
the metrics have similar form modulo some warp factors and relative signs. The relative 
signs between the dx, dy terms in (5.15) and (5.17) can be fixed if we fix B yz , B zx and B xy 
in (4.14), (4.16), and (4.17) as minus of themselves. In the following we will assume that 
we have fixed the signs of the B fields. This way the fibration structures of (5.15) and 
(5.17) would tally. 

• From the transformation (4.33) we expect the coefficients #3 and g 5 to be the same. But 
a careful analysis (5.16) shows that they are in fact different. The coefficients (72 and #4 
are also different, which could in principle be because (4.33) do not act on them. But #3,5 
should be the same if we hope to recover the deformed conifold scenario. 
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In the following we will try to argue a possible way to generate the cross terms. We will 
see that the T-duality directions are slightly different from the naively expected directions 
(which we called x, y, z). In the process we will also fix the coefficients g{. We begin with 
the search for the d6\ dQi term in the metric. 

5.1. Searching for the dOidO 2 term 

The absence of the d9id02 term in (5.15) is a near miss. As one can see that the metric 
that we get in (5.15) is almost the metric of a deformed conifold (in the delocalized limit) 
when we switch off the B fields except that we are missing the dQ\d02 term. Furthermore 
this term should come in the metric with the precise coefficient otj xy . 

The absence of this term however raises some doubts about the directions that we 
made our T-dualities. But since we almost reproduced the correct form of the metric, we 
cannot be too far from the right choice of the isometry directions. Now whatever new 
isometry directions we choose in the resolved conifold0 side should keep the present form 
of the mirror metric intact. This is a strong restriction because we cannot change the 
dz, dx and dy fibration structure any more as they are already in the expected format. 
The only things that we could fiddle with are the d6i terms in the mirror side. Therefore 
the question is: what changes in the resolved side are we allowed to perform that would 
only affect the dd{ parts of the mirror manifold? 

An immediate guess would be to change the 0j terms so as to generate a je 1 g 2 directly 
in the resolved conifold setup in type IIB theory (5.1). A way to get this would be to go 
to a new coordinate system given by: 

0i -> #1+7 #2, 2 -> e 2 +(3 62, (5.18) 

where 7, f3 are small integers. This will give us the necessary cross term and will change 
the other terms to 

cot 6>i dx -> (7 9 2 + cot 6>i + ...) dx, dx -> (1 + 7 2 cot 6 X + ...) dx, (5.19) 

and similar changes to the dy terms. In other words the warp factors in front of the dx, dy 
terms will change and the metric will have a je 1 e 2 term. 

14 We have been a little sloppy here. By resolved conifold we will always mean D5 wrapped on 
T 2 of our local geometry unless mentioned otherwise. 
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Making a mirror transformation now to the resolved conifold metric will generate the 
requisite dd\d02 term term, but the coefficient of this is an arbitrary number. Therefore 
will not explain the aj xy coefficient that we require. Instead of this, we can perform the 
following infinitesimal rotation on the sphere coordinates of the type IIB metric (5.1): 



dx\ / 1 ei \ / dx \ f dy \ / 1 e 2 \ ( dy 

dd 1 ~" I - Cl 1 J ld»J' I d0 2 J ~* V -e 2 1 d(9 2 



(5.20) 



This will keep the metric of the two tori (9i,x) and (02, y) invariant, but will generate 
jzfj,, jxfj,, jyfj, and j [xv components. Interestingly, one can easily verify from the T-duality 
rules that this changes only the G nv and G za components with all other metric components 
Gran invariant. The change in G^ v can be written as 

Guv j uu ~\~ Ol [jyy b Xfl b xl j ~\- jxx by n by V j X y{by/j,b xl/ ~\~ b xa by!y)] ~\~ 

(5-21) 

a [jyy jx^ijxv ~\~ jxx jy^ijyv jxy{jy^ijxv ~H jx/xjyv)] • 

The second line is by replacing b <-> j. Observe that only the second line in (5.21), which 
we shall call G^ w , introduces new components in the metric. Similarly, G Zfl can be written 

as: 

Gf^ z j^ z CX [jyy jx/xjxz ~l~ j xx jy/j,jyz jxy{jy/xjxz ~l~ jxajyz 

)]. (5.22) 

Both these components will contribute to dOl^dO^ and d0id02 (by keeping only the j 
components) in addition to the terms that we already have in (5.15), as: 

ds 2 -> ds 2 + G™ w dx»dx v - Gz £ Gzv dx»dx v . (5.23) 

This is almost what we might require, but again the coefficient is arbitrary. And 
there seems no compelling reason for a particular coefficient to show up in the metric. 
Both the above analysis have failed to provide a specific reason for the aj xy coefficient in 
the metric. Therefore it is time now to look at other possibilities as we have exploited 
the transformations on x, y and 9i, but haven't yet considered the possibilities of a z 
transformation. Can we change the dz terms without spoiling the consistency of the 
mirror manifold? 

A little thought will tell us that the allowed changes should be done directly to the 
line element, so that we can define distances properly in both type IIB as well as the mirror 
type IIA. We can start defining some transformation on x,y,z and 6>j using some (as yet) 
unknown functions. However, this procedure is rather involved, because eventually we 
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have to determine dx, dy, dz and d9i thereby giving rise to set of PDE's. Therefore it will 
be easier if we make transformations directly on dx,dy,dz and d6i. Transformations on 
the infinitesimal shifts are, on the other hand, not always integrable. Therefore to avoid 
this problem, let us start by making transformations on finite shifts Sx, Sy, Sz, 59i. We will 
later integrate these expressions to get the transformations on the coordinates x,y,z and 
9i. Furthermore as we are at a fixed point in the radial direction, i.e 7*0, we will consider 
shifts only for a fixed r. 

For finite shifts dx, Sy, Sz, 56i of the coordinates of the resolved conifold a typical 
distance d on the resolved conifold can be written in terms of distances d\ , d 2 on the two 
tori with coordinates {x, Q\) and (y, 9 2 ) as: 



|| d || = yjd% + d% + (Sz + Ai cot 6>i Sx + A 2 cot 9 2 Sy) 2 (5.24) 

where we have ignored the contributions from the dr 2 term in (5.3) just for simplicity. We 
have also defined the distances along the two tori as: 



di = \\/iyfh (S9 1 ) 2 +4(5x) 2 , d 2 = ^( 7 + 4a 2 )Vh (59 2 ) 2 + 4(5y) 2 . (5.25) 

Now the allowed change in the resolved side that would affect only the 56 i parts will be to 
change Sz toS 

Sz -> Sz + Pl 56 ± + p 2 56 2 . (5.26) 

This typically means that we are slanting the z direction along the 6i directions. This 
would convert the line element in (5.24) to 



Sz + /XAj cot di Sxi + pi 59i 



(5.27) 



with z being the new z direction and pi are generic functions of (r = tq, We have also 
defined x\ = x and x 2 = y. Now without a loss of generality we can write the p^s as: 



15 This can be motivated as follows. The generic shift between two nearby points can be 
written as: z w - z {2 ) = (%) - 5( 2 )) + (pi(i) - Pi(2) #1(2)) + (P2(i) P2[i) - «2(2) #2(2))- Now 
defining Oj(i) — Pj(2) 6j(2) = Pj{@j(i) — %(2)), we get the corresponding equation. Also since 
89i = — 6*i(2), there is no problem with the periodicity here. This will be clear later when we 
integrate these shifts and write the final result in terms of cos Oi and sin 6i, which are periodic 
variables. 
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Pi = fi Ai cot 6*i and p 2 = / 2 A 2 cot # 2 where fi are now generic functions of (r = r , 6>i) 
that we have to determine. Using this, the line element will take the final form 



d\ + d 2 2 + 



Sz + ^^(Ai cot 6*i dxi + fi Ai cot 9i 89 \ 



(5.28) 



The above changes could also be viewed as having generated the following new components 
of the metric in the resolved side: jgOi, jze 2 > 3xe 1 , j y 9 2 an d je 1 e 2 - As we discussed before 
these components will only change the 59i part of the metric, i.e. the (S9i) 2 + (50 2 ) 2 part 
and will keep all the fibrations in the mirror picture intact. The changes in the mirror 
metric can therefore be calculated from (5.23). 

Until now the arguments have been more or less parallel to the arguments that we 
provided earlier for the changes in the Sx, Sy or 59i terms. However, as we show below, 
the changes in the Sz part actually allows us to fix the form of the functions fi. To see 
how this is possible, make the following changes in Sx, 5y coordinates: 

5x -> 8x-f x 86 x , Sy -> Sy - f 2 S9 2 . (5.29) 

The effect of this change is rather immediately obvious: it removes the effect of the changes 
made earlier by the Sz transformation. However this change in Sx, Sy can also be assumed 
as though j x e 1 and j y $ 2 cross terms have been added in the metric. Taking into account 
all the above changes, and also allowing a possible finite shift along the radial direction 
Sr, the line element on the resolved conifold will take the following form: 

|| d || 2 = h 1/2 7 '(5r) 2 + (Sz + Ai cot 0i Sx + A 2 cot 9 2 Sy) 2 + (Sx) 2 + (Sy) 2 + 

+ \ (7V^ + 4/ 2 ) (S9t) 2 - 2fx8x S9 X + ^ (^Vh + 4a 2 Vh + Af 2 ) (S9 2 ) 2 - 2/ 2 Sy S9 2 . 

(5.30) 

Observe that in the above line element cross components have developed and the distances 
along the 9i directions have changed by warp factors. Both these changes are given in 
terms of the unknown functions fi (to be determined soon)lll. 

It is now important to consider some special limits of the functions fi, as one can easily 
show that for small and finite values of f\ and / 25 a S9iS92 term does not get generated in 



16 The physical meaning of fi will be discussed in the next subsection. For the time being we 
will view fi as being a consequence of generic coordinate transformations, whose integral form 
will be presented later in this section. 
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the mirror picture. Assuming that the fi are large, one could use a special regularization 
scheme that would generate this term. The coordinates z,Xi,9i are now the coordinates 
in which the line element of the mirror manifold is in a known format. Therefore the 
above transformation from (z, x, y) — > (5, x, y) for the resolved conifold means that we 
are writing the line element in the coordinates of the mirror. To simplify the ensuing 
calculations, let us use the notation introduced in (5.14). With this definition, we can 
re-express the line element (5.30) as new components for the resolved conifold metric. The 
various components can now be written as: 

3 XX = l+A 2 , jyy = 1 + B 2 , = -fi, jyQ 2 = ~ f 2 

30^ = \(4f? + lVh), je 2 e 2 = \(4f 2 + 1 Vh + 4a 2 Vh) (5.31) 

jxz = A, jyz = B, jzz = 1 — jxy = AB 



with the radial and the spacetime components remaining the same as earlier. Observe 
that we have shifted the jzz component by a small amount e in (5.31). Letting e — > and 
fi^oo will result in a finite <i#i<i#2~term in the mirror metric. This is our regularization 
scheme, so to speak. Ergo, (5.31) is the correct IIB starting metric, which we T-dualize 
along x,y and z to obtain the mirror manifold. It can also be easily verified that both 
the Bns and the Hrr (given in the next section) remain completely unchanged in forms 
because of their wedge structures and antisymmetrisations. The only change there is that 
now everything is written by tilde-coordinates. 

Let us now see the possible additional metric components that we can get after we 
make a mirror transformation. From the T-duality rules we see that the new components 
are: 

Gz6 1 = -Ot-jxQx [jizjyy ~ jiyjyz] = a fi A 

G Z 2 = ~ajy0 2 [jyzjxx - jxy jxz] = Ot f 2 B 

Gq x q x = j 9l01 + a jyy[bl dl - jl e ] = — — +a(l + B 2 ) 6| e + a f\A 2 

4 (5-32) 

Ge 2 e 2 = je 2 e 2 + a j^%e 2 - j\e 2 ] = 4 + a (1 + A 2 ) b 2 ^ + a f 2 B 2 

Ge x e 2 = -aj X y[b xdl bye 2 - j x B x jye 2 ] = -a AB b x e x b y e 2 +0/1/2 AB 

G Z z = a (jxxjyyjzz ~~ jxxjyz ~~ jyyjxz ~ jzzj xy + ^jxyjyzjzx) = Ct — 6. 

The B field dependent terms in (5.32) would reorganize themselves according to the fi- 
bration structure that we discussed earlier. What remains now is to see whether the 
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additional terms (which depend on fa) can be used effectively. The distance along the new 
0102 directions will be (5.23): 



dsl l0a = 2 (gTJ 2 - ?*b£*h\ 50, 602 

US * J (5.33) 



= -2a /1/2 hy 



a — e 



8e x 502 = -2/i/a j S y e 50 ± 50 2 . 



At this point we can use our freedom to define the functions f\ and f2- As discussed earlier, 
we see that for finite values of the functions fi the above metric component is identically 
zero in the limit e — > 0. However if we define fi = e~ 1 / 2 f3i such that /?i/?2 = — ol, then 
(5.33) implies 

ds 2 0ld2 = 2a j iy 50,802 (5.34) 

which is what we require. In this way we recover the elusive 6*16*2 component of the metric. 

At this point one might ask whether different choices for f,f 2 could be entertained. 
From the mirror metric (5.15) we observed that — in the absence of S-fields — the metric 
resembles the deformed conifold in the delocalized limit (of course with the d0\d02 absent). 
When we restore back this term (via the above analysis) we should recover the exact 
deformed conifold setup. This is possible, if in the absence of B fields, the product fif 2 is 
proportional to a. Therefore, in the presence of fluxes, we believe that this will continue 
to hold. 

To show that the choice of fiifo = — & is consistent, we have to determine fi indi- 
vidually. To see this let us first bring the metric for the 2 terms in (5.32) into a more 
canonical form: 

50! -> ; 2 50 u 50 2 -> 2 = 50 2 . (5.35) 

V^7 v//iV2( 7 + 4 a 2 ) 1 ' 

Assuming now that the above equation can be integrated to give a relation between 6*j and 
6>i, the change in all terms with a 6-fibration can easily be absorbed in (5.5) as: 

b = 2Jl d0! A dx + ; 2J2 = d0~2 A dy 

V^V^ v^ 1/2 (7 + 4a2) (5.36) 

= bg lX d0i A dx + bo 2 y d0 2 A dy, 

33 



where we have taken the infinitesimal limit to write b with one forms dB{. The relation 
(5.36) implies for the 9 dependent metric components: 

r AT*h h u AAB ^ 2 

Gsj = —a An o x g, b v e„ + a — - — . = 

0102 1 v 2 h 1 / Vt(7 + 4a 2 ) 

^ =! + «(! + 5 2 ) + « ^ /? ^ ( 5 - 37 ) 
=! + «(! + A 2 ) 6^ + a fel/2(7 4 +4o2) /|5 2 - 

Note, that this changes (5.33) to 

"** = - 2 ft .vv 7 y + l-) £ * sh ' (6 ' 38) 



so we now want to require 



fafa = -| /i 1/2 v / 7(7 + 4a 2 ). (5.39) 
To find out if this is consistent with the other metric components, take a look at 

= (aw. - (*) a 

= (l + aa + A^-^^L^-) («&)». 

From the above analysis we see that the 6 y 2 term will join 5y in the fibration as shown in 
(5.15), and the rest of the term (which depends on fa) will act as a warp factor. The Sy 
term has warp factor g 4 . Can we use this to determine fa? 

At first this may seem impossible as we can have any coefficients in front of (£6*2) 2 
and (Sy — b y o 2 S62) 2 or (56 1) 2 and the corresponding (Sx — b x o 1 59 1) 2 . A little thought 
will tell us that this is not quite true. Of course we are allowed to have any coefficients in 
front of (SQi) 2 and (Sx — b x g 1 S9i) 2 , but the case for (S62) 2 and (Sy — b y g 2 S02) 2 is different. 
This is because of the transformation (4.33). Under this transformation (in the absence of 
fluxes) the coefficients of 56*2 and Sy should be same so that under (4.33) the line element 
does not change. Now we expect similar thing when we switch on fluxes if we denote 
Sy — Sy — b y g 2 56*2, and define an equivalent transformation between (Sy, 662)- Notice that 
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there is no such constraint on the Sx, 56\ term. Therefore from the above argument and 
(5.16) we have the following equality: 



1 - 



/i 1 /2( 7 + 4o 2) 



ftlB 2 = a(l + A 2 ) f3 2 = ±^a h 1 / 2 ^ + 4a 2 ). (5.41) 



Thus we fix f3 2 or equivalently / 2 . As expected the line element for the 6\ component can 
now be written in terms of (3i as 

ds 2 dl6l = (l + a(l + B 2 )b 2 x6i - ^) (56 1 ) 2 . (5.42) 

The b dependent term can be equivalently absorbed in the 5x fibration structure as 5x = 
5x + b x g 1 56 1. The rest of the remaining term serve as warp factor for the (56 1) 2 term. 
What happens now if we argue an equality between the coefficients of the 56\ and 5x 
terms? This would imply: 

1 - (3l -t- A 2 = a(l + B 2 ) = ±\^a h 1 ' 2 ^. (5.43) 

From (5.41) and (5.43) we see that we can indeed choose the signs in a way that fulfills 
(5.39)! This is consistent with our assumption, implying that in this setup we will see 
the tori metrics appear with one unique warp factor. This is again expected in the case 
without fluxes. What we see here is that, this remains true for the case with fluxes also. 

To summarize, we see that the T-duality directions are z, x, y on the resolved side, 
and the line element is more or less the same as (5.24) with additional cross components 
(5.30). To go from (5.24) to (5.30) we have performed some transformations on the finite 
shifts 5z, 5x, 5y and 56 i. Defining three vectors Vi as 



Vi = \Se 1 , V 2 = \ 56 1 , V 3 = [ 56 1 (5.44) 






and three matrices as: 

1 Ai fi cot 6i A 2 h cot 6 2 

Mi I 1 

1 

cos tpo sin tpo — / 2 cos ipo 

\l . -|01 

—sin ip cos -00 + / 2 sin ip 
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(5.45) 



we can convert the line element (5.24) to (5.30) via the transformations: 



Vi -> Mi V u V 2 -> M 2 F 2 , V 3 -> M 3 V3. (5.46) 

This will generate the T-duality directions x, cis mentioned above. 

We can now try to go to the infinitesimal shifts given by the forms dxi,d9i. At this 
point we therefore assume that we can replace 

(Sxi, S9i, dz) — > (dxi, d$i, dz) (5-47) 

in the final line element. This would imply that the line element with finite shifts can serve 
as the metric for the mirror manifold. This is somewhat strong assumption as the trans- 
formations that we made on the finite shifts 5xi, 5z, 59 \ may not always be extrapolated to 
transformations on infinitesimal shifts. It turns out that the transformation that we made 
can be extrapolated if we assume that these transformations are restricted on the plane 
(x, y, z, 6i) at r = ro which is, of course, consistent with all our earlier assumptions. 

To see the effects of the finite shifts, first view the z coordinate to be determined in 
terms of fa and fa as z = fa — fa. In fact, as we will soon encounter in the M-theory 
section, the coordinate z which will eventually be the z coordinate of the type IIA mirror 
manifold, and the M-theory eleventh direction x±± can be written in terms of fa and ip2 
as: 

dz = dfa — dfa, dxu = dfa + dfa. (5.48) 

This means that in the type IIB picture we can distribute the coordinates on two different 
S 3, s parametrized by: (ipi, x, 6>i) and (fa, y, 9 2 ). Existence of two S 3 here is just for book 
keeping, and will eventually be related to the real S 3 's of the mirror manifold0. 

Let us now consider one S 3 with coordinates (fa,x,8i). This S 3 is already at a 
fixed r and now also at fixed (fa,y,9 2 )- From the analysis done above, we see that the 
transformations generically lead to an integral of the form (compare e.g. to (5.28)): 

j (b 2 + a 2 cot 2 6>i)^ cot n 0i dd x (5.49) 



17 In fact as will be clear from sec. 6, M-theory will allow metric flbrations that are no longer 
constrained at ip = fa. 
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where a and b are some constants on the sphere S 3 , n = 0, 1 and m = 1, — 1£3 It turns 
out that the shifts 8ifti, Sx etc. can be integrated to yield the following transformations on 
the coordinates Vi 5 x, Q\\ 



V'i 



Vi- 



1 - 



sin 2 6 X 



m+l 

4 



y/e (a 1 sin 0i) '"a" 1 



(a 2 - fr 2 ) 



2\ ~ 



sin 



a 2 -6 2 ^ 5 



sin 0i 



x 



X 



(a 2 -b 2 Y 



-In 



a*-b J 



COS 



»i + Vl-(^) sm 2 



m+l 
2 



sin 2 ei + (^i)^cos fll 
l-(^) sin 2 fl*-^)^ cos * 



(m + l)\/a 2 -b 2 



(5.50) 

with #i transforming as 0i — > c • 0i where c is another constant. (Observe that these 
expressions have the required periodicity). In the above transformations we have inherently 
assumed that a > b. What happens for the case a < 6? 

This case turns out to be rather involved, but nevertheless do-able. The transforma- 
tion can again be integrated for both m = ±1 to give us the following results (here we 
present the result only for m = 1): 



V'i -»• V'i + 



b 2 -a 2 



a yje 



In 





/i+(V 2 ) sin 2 e, 


exp 




sin 2 * 




(b 2 - 


-a 2 ) sin Q\ 





X 



X 



2^ 



In 



l + sin 2 ^ +cos 0i 

l + (^^) sin 2 0x - cos 0i 



+ 



6 2 -a 2 



a a/6 



sin 



cos 0i 



'i+(^) 2 

(5.51) 

with 0i transformation remaining the same. For the other S 3 the y and 02 transformation 
would look similar to the above transformations on x and 02 transformations respectively. 
However V , 2 transformation will differ by relative signs. More details on the effect of these 
transformations on the mirror metric is given in Appendix 1. 
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In the notations of Appendix 1, the constants a, b can be extracted from (a) 1 2 measured at 

a constant radius. There is also an overall constant related to the expectation value (a) that we 

±1 

ignore here. Replacing 6>i by 62 the constants a, b should now be extracted from (a) 2 2 . 
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Taking the above transformations into account, and then performing the three T- 
duality transformations we get the final mirror manifold (in the delocalised limit) with the 
following form of the metric written with dx 1 dy 1 dz and d9f. 

r ^ ^ ^ ^ -I 2 

ds 2 = gi (dz - b Zil dx M ) + A x cot 6>i (da; - b xdl dOi) + A 2 cot 9 2 (dy - b y o 2 d6 2 ) + .. + 
+ # 2 [d0? + (dx - b x0l d9 1 ) 2 } + # 3 [d6»l + (dy - b y e 2 d6 2 ) 2 } + 
+ #4 [d6 1 d9 2 - (dx - b x9l d9 x )(dy - b y02 d0 2 )} 

(5.52) 

where we have used un-tilded coordinates to avoid clutter (we will continue using this 
coordinates in the rest of the paper unless mentioned otherwise). The dotted part in the 
dz fibration are the corrections to Qi terms from the scaling etc. We have written cot 9i 
instead of cot 6i to emphasize the change in 9^. Its is interesting to note that (as we saw 
earlier) this is the only change in 9 because of (5.35). All other changes due to scalings 
etc. have been completely incorporated! Observe also that we now require only four warp 
factors <7i,<72j<73 and g± instead of six that we had earlier in (5.16). The precise warp 
factors can now be written explicitly as: 

g 1 = a~ 1 , g 2 = aj yy , g 3 = ajxx, g4 = 2aj xy 

~ (5.53) 




7 + 4a2 roa 

where a and j are defined in (5.8) and (5.4) (with cot 9i changed to cot 6>j), respectively, 
and the b fields have been rescaled according to (5.36). With these values the metric (5.52) 
can be compared to (5.17). 

5. 2. Physical meaning of fi and f 2 

The transformations that we performed in the previous subsection to bring the metric 
in the form (5.30) using the functions f\ and f 2 can be given some physical meaningEl. As 
discussed earlier, the conversion from (0i, #i) and (02, 9 2 ) to (x, 9\) and (y, 9 2 ) coordinates 
respectively is to write the metric as the metric of tori. Now the metric of the tori can be 
generically written in terms of complex structures Tj where i = 1, 2 represent the two tori. 
We can define 

dz\ = dx — n d6>i, dz 2 — dy — r 2 d9 2 (5.54) 



19 The discussion in this section is motivated from the conversations that one of us (R.T) had 
with the UPenn group, especially V. Braun and M. Cvetic. 



38 



as the two coordinates of the two tori. The metric (5.24) can therefore be written in terms 
of dzi as: 

ds 2 = (dz + Ai cot 9x dx + A 2 cot 6 2 dy) 2 + \dz x \ 2 + \dz 2 \ 2 , (5.55) 

with the complex structure not yet specified. The transformation that we performed in 
the previous section, would therefore correspond to the following choice of the complex 
structure of the base tori: 



ri = fi + yiVh, r 2 = / 2 + |V(7 + 4o 2 )V^ (5.56) 

where we have already defined h(ro), 7(^0)5 in earlier sections. Observe that when fi = 
= / 2 then the base is a torus with complex structure 



rx = ^\jlVh, r 2 = ^y( 7 + 4a 2 )v^ (5.57) 

In this limit the metric has no cross terms. This is basically the metric that we started off 
with. The transformations in the previous subsection are therefore to convert Tj — > Tj + /{ 
via SL(2, R) transformations on the two toriH. In the limit when fi are very large, the 
base of the six dimensional manifold 2 , r = tq) is very large compared to the T 3 fiber 
(x, y, z). This situation is consistent with the fact that the generalised SYZ transformations 
require similar condition for mirror rules to work properly (see also |HJ). On the other 



hand, this limit is precisely the opposite to the one where the geometric transition takes 
place. This is one reason why we have to go through non-trivial manipulations to get to 
the final metric of the mirror manifold^. 



5.3. B Fields in the Mirror Setup 

There is another possibility that we haven't entertained yet. This is to allow new B 
field components in the resolved side. Observe that the analysis presented above was done 
from the resolved conifold setup when we only had B^s fields with components b x g 1 ,b y Q 2 
and 6 ZjLt . What happens if we switch on a cross component b xy that has legs on both the 
spheres in the type IIB resolved conifold setup? Can this generate a dQ\dQ 2 term? First, of 
course this will not convert to a component of the metric under a mirror transformation and 

20 For example using local SL(2, R) matrices 

21 We thank the referee for pointing this out. 
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will appear in the type IIA framework as a B field. This B field will become a threeform 
field in M-theory. We will discuss this later. Second, the mirror metric will change. This 
change can be easily evaluated — and we shall do this below — but before that lets see 
whether it is indeed possible to switch on such component in the type IIB setup. 

To analyze this, we go back to our fourfold scenario that we had in section 3. In the 
fourfold setup, no matter what choice we make for the components of the G fluxes, the 
metric will retain its warped form and the only thing that could change will be the exact 
value of the warp factor. Therefore we can choose an additional component, say G^ia, 
and get the corresponding b xy flux in type IIB. 

Now under this choice of B field, the metric will have the additional term — (G z ^dx^+ 
G zx dx + G zy dy) 2 . One can show that the form of the dz fibration structure remains the 
same, although the values will differ by additional b xy terms. In the notations of the earlier 
sections, let us assume the form of the metric to be: 

ds 2 = (dz + fibration) 2 + Q xx dx 2 + Q yy dy 2 + Qe 1 e 1 d9\ + Qe 2 e 2 d0% + 2Q xy dxdy+ 

2Gx9! dxd9i + 2Q y e 2 dyd9 2 + 2Q X&2 dxd9 2 + 2Q y6l dyd6 x + 2Qe 102 d9id9 2 . 

(5.58) 

Using the mirror rules given earlier, one can work out all these components. Since b xy is 
non-zero, the analysis gets a little involved. If we define again a -1 = j xx j yy — j xy + b 2 , 
this time b xy being different from zero, we arrive exactly at the form (5.15): 

Qxx dx 2 + 2Q x9l dxd9 x + Q 9ldl dd\ = a j yy [d9\ + (dx - b xSl d9 1 ) 2 ] 
Q yy dy 2 + 2Q y( ) 2 dyd9 2 + Qe 2 e 2 d9 2 = a j xx [d9 2 + (dy - b y g 2 d9 2 ) 2 ] 

(5.59) 

Q xy dx dy + Q ei g 2 d9\d9 2 + Q x g 2 dxd9 2 + Q ydl dyd9i = 
- ot j xy (dx - b x9l d9x)(dy - b y g 2 d9 2 )]. 

Where we have given the precise warp factors of every terms. Therefore, introducing a 
new component of the B field has not changed the form of the metric and has failed to 
generate the d9\d9 2 term. What changes, in the final mirror picture, is that we will now 
have a non zero B^s flux in type IIA setup. We will comment on this later. 

The above choice of B fields in the resolved conifold side is highly unnatural (although 
it may be allowed from the supergravity analysis). A more natural way to generate a B 
field in the mirror side has already been taken into account when we switched to the tilde- 
coordinates. In fact the cross terms in the resolved conifold metric (5.30) i.e. the j x e 1 
and the j y g 2 terms will be responsible to give a non-zero B field in the mirror picture. 
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This way we can give another physical meaning to the shifts that we performed in (5.29). 
The background B field in the type IIA background can now be written in terms of the 
deformed conifold coordinates as: 

B = 2 ^ dx A d6 x + 2 ^ 2 = dy A d6 2 

V^ 1/2 (7 + 4a 2 ) 

+ ( ^t= dh + - 2Bh d6 2 ) A dz 

with all other components vanishing in the limit e — ► 0. These B fields are in general 
large, because the transformations (5.29) that we performed in the resolved conifold setup 
is large. In the limit where we define B = e _1 / 2 S, the finite part B will be given by: 

dx A de x -dyA d9 2 + (A dd t - B dd 2 ) A dz (5.61) 



a 

modulo an overall sign if we employ the opposite choice in (5.41) and (5.43). Again, we 
have omitted the tildes in the final expression. Notice also the following interesting facts: 

• We can replace dx and dy by the corresponding one forms Dx and Dy because of the 
wedge structure (at constant b). We will soon use this property (in the next sub-section) 
to get another form of the B fields that is more adapted to our mirror set-up. 

• When we use an integrable complex structure for the two tori in (5.56), i.e when we use 
(a) i, {a) 2 instead of a (see Appendix 1), the B^s field takes the following form: 

B = v / (")i dx A dOx - v / («)2 dy A d9 2 + (A v / (o)i d9 1 - B ^/(a)^ d9 2 ) A dz. (5.62) 

As one can easily see, this is a pure gauge! Thus even though we have large B field in this 
scenario, the effect of this is nothing as it is a gauge artifact. More on this will appear in 



forthcoming papers |6q1 , ||59j| 



5.4- The Mirror Manifold 

From the detailed analysis in the above two subsections, we can summarize the follow- 
ing: our metric of the mirror manifold has strong resemblance to the metric of D6 wrapped 
on deformed conifold, but they differ because of non-trivial B-dependent fibration of some 
of the terms. As we see, this is the key difference between the two metrics (apart from 
the non-trivial warp factors). The manifold (5.52) is generically non-Kahler whereas the 
metric (5.17) could be Kahler in some limit. The metric evaluated in (5.52) is actually 
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after we perform a coordinate transformation and therefore we see no ifio dependence in 
the final picture. In the usual coordinate system, our ansatz therefore, for the exact metric 
in type IIA will be to take the "usual" D6 brane wrapped on the deformed conifold (i.e. 
eq. (5.17)) and replace the (dz, dx, dy, g) by 



dz — > dz — b Zfl dx^ 
dx — > dx — b x 1 d9i 
dy -> dy - b y e 2 d6 2 

gi{ro,e 1 ,e 2 ) -> gi(r ,e 1 ,e 2 ) 



(5.63) 



with the remaining terms unchanged. Observe that before this replacement (i.e in the 
absence of fluxes) (5.17) is exactly (4.32) up to cos and sin i/j dependences. We believe, 
as discussed above, this has to do with the derealization of the ift coordinate. In the 
presence of fluxes, the final answer for the type IIA metric therefore will be to convert 
(5.52) intcS: 



ds 2 IIA 



<7i (dz — b Zfl <ix M ) + Ai cot 6\ (dx — b x g 1 d6\) + A 2 cot 9 2 (dy — b y g 2 d9 2 ) + .. 
+ g 2 [dOf + (dx - b x0l de t ) 2 ] + g 3 [d9 2 2 + (dy - b y e 2 d6 2 ) 2 } 
+ g± sin V>o [(dx - b x6l d6{) d6 2 + (dy - b y o 2 d6 2 ) d6{\ 
+ g 4 cos ip [dd\ d6 2 - (dx - b x01 d9\)(dy - b y g 2 d0 2 )}, 

(5.64) 

where gi are again given by (5.53). Similarly the finite part of the background B field 
can be transformed from (5.61) to the following form involving the sin ipQ and cos ipo 
dependences as: 



i 2 



B 



a 



dx A d$\ - dy A d0 2 + A d6\ Adz - B (sin ip dy - cos ipo d0 2 ) A dz. (5.65) 



22 This ansatz can actually be given a little more rigorous derivation. To see this from (5.52), 
perform the following local transformation 



Dy 
d0 2 



cos i/>o —sin V>o \ / Dy 
sin ijjo cos V'o / V d&2 



where Dy = dy + b y g 2 d02- The change in the dz-fibration structure will be in such a way as to 
restore back cot 02 dy via the reverse transformation a-la (4.38). 
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The type IIA coupling on the other hand can no longer be constant even though in the 
type IIB side we start with a constant coupling. The constant coupling on the type IIB 
side is generically fixed by RR and NS fluxes via a superpotential (though not always). If 
we start with a type IIB coupling gs (constant or non-constant), the type IIA theory is 
given by a non-constant coupling g^, that depend on the coordinates of the internal space 
as 

9A = J^—r - ( 5 - 66 ) 

V 1 ~~ a 

Observe that a small coupling in the type IIB side implies a small coupling on the mirror 
manifold. Therefore any perturbative calculation in type IIB side will have a corresponding 
perturbative dual in the mirror side. This is another advantage that we get from the mirror 
manifolds. 

The above analysis more or less gives the complete background for the mirror case 
(the RR background will be dealt with shortly). For later comparison we would however 
need the three form NSNS field strength defined as H = dB. This is basically the finite 
part of the three form, and is given by il: 

H = -Vc^A (AdA + B dB) A d$i Adz + Vc^(A dA + B dB) A dy A d6 2 

+ y/a dA A de x A dz + Vc^ B (AdA + B dB) A (sin % dy - cos i/) d9 2 ) A dz (5.67) 
- \fa? (A dA + B dB) A dx A d9i - y/a dB A (sin ip dy - cos ip d6 2 ) A dz, 

where we have used the following simplifying definitions in the above form of H: 

dA = d 9i A d6i + d r A dr = d 9i A d9 h dyfa = -Va*(A dA + B dB) (5.68) 

with similar definition for dB. Notice that H involves all components of the mirror manifold 
and therefore will be spread over the whole space. 
We now need to show the following things: 

(1) The manifold is explicitly non-Kahler i.e. dJ ^ 0, where J is the fundamental two 
form. The manifold should also be non-Ricci flat and have an SU(3) structure. Recall 
that SU (3) structure doesn't imply Ricci-flatness. 



23 Written in terms of \J (a)i and \J (0)2 this is exactly zero, and therefore serves as a gauge 
artifact. 
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(2) The complex structure should in general be non-integrable. Therefore the manifold 
should be non-complex and non-Kahler. The properties of such manifolds have been 
discussed earlier in |19j , [|4[ . 

(3) We have to calculate the superpotential and show that the holomorphic three form Q 
is in general not closed. 

Some of these details will be addressed in later sections of this paper. We will leave a more 
elaborate discussion for part II. We now go to the M-Theory analysis. 



6. Chain 2: The M-theory Description of the Mirror 

Now that we have obtained the mirror metric, it is time to go to the second chain of 
fig. 1 and lift the type IIA configuration to M-theory. Initial studies have been done in 
49H . We will use their ideas to go to another G2 holonomy manifold which is related to the 



previous one by a flop. But before moving ahead, we will require some geometric details 
of the background. These geometric details will help us to formulate the background in a 
way so that the procedure of flop will be simple to see. 

6.1. One Forms in M-theory 

We first need to define one forms in M-theory. These one forms are different from the 
ones presented in say [19], [28], [25] as they have contributions from the B fields in the 



resolved conifold side. These B fields are in general periodic variables and therefore let 
us denote them by angular coordinates Ai,A2 as tan Ai = ai&^^tan A2 = d2b y g 2 , with 
ai,a2 constants. These one-forms are however only defined locally because the B fields 
that we will use in the definition are not globally defined variables. The existence of these 
one forms can be argued from the consistency of the metricil. They are given by: 

ai = sin ifji dX + sec Ai cos (-01 + Ai) dOi 

02 = cos ipi dX — sec Ai sin (-01 + Ai) dQ\ (6.1) 
as = dipi + n\ cot Oi dX — 712 tan Ai cot 0i d@i 



24 Observe that for ro ~ the metric (5.64) is exactly the metric of D6 branes wrapping an S 3 
of a deformed conifold (because (b x e 1 ,b y e 2 )^ at IR), and therefore will have similar one- forms 



as in [49 1, [28|, [29 by which we can express the metric. 
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where we have defined new coordinates fa, fa, X, Oi, 6i. Their relation to z, x, 81, 8\ will 
be determined as we proceed with our calculation. We have also included two functions 
n\ and ri2 in the definition of u 3 . These are functions of all the coordinates, and will 
be analyzed later. Using these, we can define another set of one forms with X, Oi etc. 
replaced by Y, ©2 etc. as: 

Ei = —sin -02 dY + sec A2 cos (fa — A2) d@2 

E 2 = —cos fa dY — sec A2 sin (fa — A2) d&2 (6-2) 
E 3 = dfa — ns cot 02 dY + 77,4 tan A2 cot O2 d&2- 

We have chosen the respective signs with the foresight of making a simple identification 
with our original variables possible. The above set of one forms will suffice to define the 
corresponding seven dimensional manifolds in M-theory. Although, not important for our 
work here, we can make some interesting simplifications. The quantities b x g 1 and b y g 2 , as 
discussed above, are basically periodic variables, and for small Aj we can define another 
angular coordinates (3\ and @2 that modify the original il>i,fa as 

Pi=fa- b xdl , p 2 = fa - b y e 2 . (6.3) 

With these choices of angles, we can define another set of one forms in M-theory in the 
following way: 

a\ = sin fa dX + cos f3\ d&i Ei = sin fa dY + cos fa d&2 

(6-4) 

02 = cos fa dX + sin (3i dO\ E2 = cos fa dY + sin P2 d®2, 

with 03 and E3 being identical to 03 and E3, respectively. This way of writing the one- 
forms helps us to compare them to the one-forms given in ||49|1 , ||28|| , and ||29|| . Observe 



that for small background values of b x g 1 and b y g 2 the above set (6.4) is the same as (6.1) 
and (6.2). Furthermore, the field strength vanishes locally, and these one forms satisfy 
the SU(2) algebra. This is true because over a small patch the b x g 1 and b y g 2 values are 
constants. Therefore we can approximate 

Dx = dx - b x0l dQ x = d(x - b x0l 9 X ), Dy = dy- b y g 2 d9 2 = d(y - b y e 2 6 2) (6.5) 

as exact one forms. In this way (6.1) and (6.2) appear like the usual one forms for the G2 
manifold and satisfy an SU(2) x SU(2) symmetry. Globally, there is no SU(2) x SU(2) 
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symmetry because our manifold is no longer a Kahler manifold. This is also clear from 
the one-forms (6.1) and (6.2). We will use this identification many times to compare our 
results to the ones from literature. Also, having an exact form for Dx and Dy locally 
means vanishing type IIB B fields. In this way we will be able to extend our results to the 
case with torsion. 



6.2. M-theory Lift of the Mirror IIA Background 

To perform the M-theory lift, we need the field strength F mn which comes from the 
mirror dual of the three-form Hrr = 7i and five-form F§ in type IIB theory with D5 on 
a resolved conifold. The five form appears because a D5 wrapped on an S 2 with Bns 
fluxes gives rise to a D3 brane source as we discussed in the beginning of this paper. The 
background value of the RR potential is given in |2(J as: 



Ti = c\ {dz A ddi A dy — dz A dQ\ A dx) + C2 cot 6>i dx A dQi Ady — C3 cot #2 dy A dQ\ A dx 
F 5 = K{r) (1 + *) dx Ady Adz A dO x A d9 2 , 

(6.6) 

with Ci is a constant coefficient with K(r) being a function of the global transverse coordi- 
nate r (we could as well define F5 with K(ro) locally, as we did for Ji in (5.5)). This means 
that we have the following components of the RR three form: 7i MXZ , 'H l i yz and TC^ xy . The 
T-duality rules for the RR field strengths with components along the T-dual directions are 
given in [67]]: 



ijk.. 

p{n) 
xij.. 



xijk... 



1) 



(n-l) 



nB *li F jk.. 



( n ~ l )3xx3x\ 



+ n(n-l)jjB x[i j ]x]j F, k 



(n-l) 



,p(n-l) 

1 x\jk 



(6.7) 



where n denote the rank of the form, x is the T-duality direction and B is the NS 
field. Notice also that in the above relation, the duality direction x is inert under anti- 
symmetrization. Under a mirror transformation, the RR three-form will give rise to the 
following gauge potentials in type IIA theory: 



Fye, 



—7~L xz e 1 + 7~L xy e 1 



H 



xyV 2 

Jyzjxx Jxyjxz 



-B 



F x e 2 — H yz 2 



'Hxy6 2 



_ Jyyjxx 3 X y 
jxy{jyzjxx jxyjxz) 
jxx{jyyjxx 3xy) 
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+ B Z 



3xz 

3 XX 



(6.8) 



which simplifies, after choosing the signs of B mn in a way that makes the fibration structure 
in the mirror consistent, as: 

F z e 1 = -c 3 cot 2 , F z e 2 = -c 2 cot 0i 

(6.9) 

F y e 1 = c\ — 2c 3 a B cot 02, F x g 2 = c\ — 2c2 a A cot d\. 

From above we will eventually extract gauge potentials A x and A y (the A z potential can 
be absorbed in the definition of <£cn)il. 

The analysis done above only gave us some of the gauge fields in type IIA theory. To 
get the other components, we need to get the mirror dual of the five form F$. One can 
easily show that the F 5 part contributes to Fq 1 q 2 . The precise value turns out to be 

Fg 1 g 2 = K(r)\ r ^. ro — b x g 1 H yz g 2 — b y g 2 H xz g 1 — B z g 2 H xy g 1 — B z o 1 H xy g 2 

= K(r)\ r ^ ro - ci (b xdl - b y e 2 ) - 2c 3 a B b y e 2 cot 2 + 2c 2 a A b x8l cot X 

(6.10) 

where again the sign in B z e 1 and B z g 2 have been chosen opposite to the definitions em- 
ployed in sec. 4.2. The above mentioned gauge potentials will eventually appear as metric 
components in M-theory. As is well known, the M-theory metric components will typically 
look like 

Gj£ = <r*!& A - e^A»A„, G? u = -e% A » (6.11) 

where A^ are the gauge fields and <fi is the type IIA dilaton. In fact, we can use the above 
definitions to absorb some terms in dx 11 when we define the gauge fields. Up to some warp 
factors our ansatze for the gauge fields will therefore be: 

A x = A 3 cot 0i, Ae 1 = -A 3 b x8l cot 0i 

(6.12) 

A y = -A 4 COt 2 , Ag 2 = A 4 b y g 2 COt 2 

where A 3j 4 are some specific functions of 0i,x,y and z. Now combining everything together 
we can write the part of the M-theory metric originating from the gauge fields as: 

A ■ dX = A 3 cot 0i (dx - b xdl d0 x ) - A 4 cot 2 (dy - b y g 2 d0 2 ) (6.13) 



25 There is a simple reason for this. We had earlier defined dz = dipx —di\)i and dx\\ = dtpi+dip2- 
Thus dxn = dipi — dip2 + 2d^2 = dz + 2dip2- Therefore, any additional dz dependent terms 
should be absorbed in dxu by changing the coefficient in front of dz in dxn. For example 
dxn + A z dz = (1 + A z ) dz + 2cfa/>2 = dxu when A z is a pure gauge. 
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where we remove any z dependences. The above potentials (6.13) are basically the wrapped 
D6 brane sources that have been converted to geometry giving rise to the M-theory metric 



with xu being the eleventh direction, and ds 2 IIA is the metric given in (5.64). We have 
also used the definition of x and y (introduced in section 5) to write the fibration structure 
in a compact form. Recall also that we are using the un-tilded coordinates henceforth. 

The metric (6.14) is basically the M-theory metric that we are looking for. To see how 
the G2 structure appears from this, we need to write the metric using the one forms that 
we gave in the previous section. This will also help us to perform a flop in the metric. 
From the M-theory metric (6.14) we see that the total fibration structure is 

<7i e~~ (dz + Ai cot 6>i dx + A 2 cot 62 dy) + e~ (dxn + A 3 cot 6>i dx — A4 cot 62 dy) . 



In writing this, the careful reader might notice that we have used cot 6i in (6.6). However, 
we have two options here: we can either absorb the scaling etc. in the definition of warp 
factors or keep the warp factors as they are and change 9 in cot6> to accommodate this. 
Furthermore, the scaling of 6>, which only affects this term, is actually of 0(1) and could be 
ignored in the subsequent calculations. We will however not assume any approximations 
and continue using 6i in the fibration. Observe that all other one forms are defined wrt 6*j. 

If we now identify dz = dipi — dip 2 an d dxu = dipi + dip2, then one can easily see 
that the above fibration can be written in terms of the one forms that we devised earlier 
in (6.1) and (6.2), as 



with ai being the relevant warp factors; and we also identify (X, Y, ©i, ©2) to (x, y, 61, 6*2). 
The coefficients ai are simply the identity, so tanAi = b x g 1 and tanA2 = b y o 2 . This way of 
writing the z- and xn~ fibration also forces us to set ri\ = ri2 = Ai and = n± = A 2 . 
(6.16) is consistent with the expected form for the M-theory lift of the D6 configuration. 
Let us now look at the other possible combinations of the one forms. 

The first combination is to consider the sum of the squares of the difference between 
the one forms. In other words, we will consider: 




(6.14) 



(6.15) 



a\ (a 3 + E 3 ) 2 + a\ (a 3 - S3) 2 



(6.16) 



K - EO 2 + (a 2 - E 2 ) 2 . 



(6.17) 
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This give rise to the following algebra: 

(sin tpi dX + sec Ai cos (ipi + Ai) d@i + sin ip 2 dY — sec A2 cos (ip 2 ~ A2) d©2) 2 + 
(cos tpi dX — sec Ai sin (tpi + Ai) d©i + cos ^2 dY + sec A2 sin (ip 2 — A2) d©2) 2 = 
d© 2 + d0 2 2 + (dX - tan Ai d©i) 2 + (dY - tan A 2 d© 2 ) 2 + 

- 2 cos (^1 - ip 2 ) [d©i d© 2 - (dJf - tan Ai d©i) (dY - tan A 2 d© 2 )] + 

- 2 sin (ip x - ip 2 ) [d6i (dY - tan A 2 d© 2 ) + d© 2 (dX - tan Ai d©i)]. 

(6.18) 

This is more or less the expected form, but differs from (5.64) by some relative signs. 
To fix the signs we need to evaluate the other possible combination of one forms, i.e. 
(cri + E1) 2 + (cr 2 + S 2 ) 2 - This time the algebra will yield: 

(sin ipi dX + sec Ai cos (ip\ + Ai) d©i + sin ip 2 dY + sec A2 cos (tp 2 + A2) d©2) 2 + 
(cos ip\ dX — sec Ai sin (tpi + Ai) d©i + cos ip 2 dY — sec A2 sin (ip 2 + X 2 ) d<d 2 ) 2 = 
del + del + (dX - tan Ai d©i) 2 + (dY - tan A 2 d© 2 ) 2 + 
+ 2 cos (tpx - ip 2 ) [d©i d© 2 + (dX - tan Ai d©i) (dY - tan A 2 d© 2 )] + 
+ 2 sin (^1 - ip 2 ) [-d©i (dY - tan A 2 d© 2 ) + d© 2 (dX - tan Ai d©i)]. 

(6.19) 

It differs from (6.18) only by overall minus signs in the cosip and sin?/; terms. To get the 
exact form of the metric that we have in (6.14), we write 

2 2 

ds 2 = a 2 ^(a a +££ a ) 2 +a 2 ^(a a -££ a ) 2 +a 2 (a 3 +E 3 ) 2 +a 2 (a 3 -X 3 ) 2 +a 2 dr 2 , (6.20) 

a=l a=l 

where we have introduced the factor £ for £1 and £2 to account for the different warp 
factors that the directions (x, 9\) and (y, 9 2 ) have@. By comparison with (5.64) and (6.14) 



we determine the warp factors ai with £ = y g 3 jg 2 to be: 

a i = 7i e ~^V^~ 1 9i + 2 92, ol 2 = -e~i \j2g % - i~ x g^ 

1 1 i (6.21) 

20 <p <p 



a 3 = e 3 , q;4 = e 3 v^T, a 5 = e sy/y'Vh. 



26 In the notations that we used here, they are tori of course. But it would be easy to get to 
the sphere case once we know the global type IIA metric. Observe also that when we switch off 
the Ai the metric reduces to the well known G2 form. 
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Observe also that, writing the metric as (6.20), one can easily identify it to the metric 



presented in p9|j , pq] , |29[j where the vielbeins in terms of a a and S a are written (see for 
example eq. 2.7 of ||28|| ). This will be useful in the following. 

Before moving ahead let us pause for a second to reflect on the metrics (6.20) and the 
type IIA metric (5.64). In (5.64) we have kept the dz fibration structure distinct from the 
ip rotation. In fact the rotation generates constant warp factors of sin i^q and cos m 
(5.64). But in (6.20) we see that the one forms (6.1) and (6.2) can in fact be used to write 
the M-theory metric with arbitrary ip\ Indeed now the relation between the non-constant 
ip and z will become 

z = ipx—ip2 = a s ip (6.22) 

where a s = a s (ro) is the constant of proportionality^. With this in mind, now we see 
that the M-theory metric allows a type IIA solution which takes us away from the ip = ipo 
point and allow non constant sin ip and cos ip in (5.64). Thus the local metric in type IIA 
is delocalised only along the r direction (i.e defined at r = ro) and is now expressed as 



ds] IA = rfsoi2 3 + gi (pz + Ai cot #i Dx + A 2 cot 6 2 Dy + + 
+ So dr 2 + g 2 (d9l + Dx 2 ) + g 3 (d9 2 + Dy 2 ) + 

+ #4 sin (zaj 1 ) (Dx ■ d9 2 + Dy ■ dd\) + g± cos (za~ x ) (d9\ ■ d6 2 — Dx ■ Dy) 

(6.23) 

where we have already defined DS, Dy and Dx earlier. The effect of the additional six 
branes that are mirror dual to the type IIB seven branes is already accounted for in the 
local picture above. The full global story is presented in where things get pretty 
involved because of the presence of orientifold six-planes, ungauged localised two form 
fluxes and non-trivial three form fluxes, along with the additional D6 branes. We will not 



discuss these issues further here, and the readers can find more details in [|59 . 

To extend our earlier analysis, we will now require all the components of the seven 
dimensional metric. We denote the M-theory metric as ds 2 — Q mn dx m dx n , where m,n = 



27 From (5.2) we see that a 2 s = r%\fh J^-| r=rQ . Using now the small r behavior of 7 (5.6), we 
see that -^ I \ r=rQ = -7=- + 0(r$) and h is of 0(1) so that a s ~ ro- This will be useful later 
when we try to study the scaling behavior of our M-theory metric. 
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x, y, z, 6\, 02, r, a and x a = x 11 . The various components are now given by: 

(1) fex =Jie ~ Af cot 2 X + g 2 e ~ + e~ A 2 3 cot 2 #i 

/ \ 20 r) r> 20 40 r) r> 

(2) £ ra = ^ e~~ A\ cot 2 # 2 + 9s e~~ + e~ A| cot 2 # 2 

(3) = e~^r A 2 cot 2 ^ + g2) b * ei + g2 e -*4 + ^ e ^ A 2 cot 2 q x 

(4) g 0202 = e -T A 2 co t 2 # 2 + y3 ) ^ + ^ e -T + ^ e ^ A 2 cot 2 2 

(5) ^ = -e~^ ( gi Aj cot 2 #i +# 2 ) b x01 - b x01 A 2 cot 2 #1 

(6) y e 2 = -e"^ (^1 A 2 cot 2 # 2 + 93) b y02 - b y02 A 2 cot 2 2 

•2<j> ( ^- ^94 \ 94 _ 20 

(7) Q x02 = -e 3 [gi A 1 A 2 cot 6>i cot 6> 2 - y cos ip) b y02 lye 3 sin ip+ 

40 ^ ^ 

+ e 3 A 3 A 4 cot 6>i cot 9 2 b y02 

_ 20 / ^ ^ G 4 \ 9^ 2< f> 

(8) Q y01 = -e 3 ^ Ai A 2 cot 61 cot 2 - y cos 6*0! + y e 3 sin -0+ 

40 ^ ^ 

+ e 3 A 3 A 4 cot 6>i cot 6*2 b x01 

1$ ( ^ ^ 94 \ 9 & 2 <t> 

(9) Q 0102 =e 3 [gi Ai A 2 cot 1 cot 2 - — cos ip) b x01 b y02 + -e 3 cos 

94 — li. M ^ ^ 

-ye 3 sin ip (b X 1 + b y02 ) - e 3 A 3 A 4 cot 6>i cot 2 b x01 b y02 

_ 20 / ^ ^ (7 4 \ 40 ^ ^ 

(10) £ xy = e 3 ^1 Ai A 2 cot 0i cot # 2 — — cos - e 3 A 3 A 4 cot #1 cot # 2 

20 ^ 20 ^ 20 

(11) £ 2:E = (/! e~~ Ai cot 6»i (12) Q zy = gi e ~~ A 2 cot 6> 2 (13) Q zz = gi e~~ 

_ 20 ^ 20 ^ 

(14) £ 201 =-gte 3 Ai cot 6»i (15) Q z02 = -g 1 e 3 A 2 cot 2 b y02 

20 . , — 40 ^ 40 ^ 

(16) Q rr = e~~ 7' Vh (17) Q ax = A 3 e~ cot ^1 (18) = -A 4 e~ cot ^ 2 

40 40 ^ 40 

(19) ofll = -A 3 e- cot 0i (20) ^ 2 = A 4 e~ cot 6» 2 6 ye2 (21) ^ aa = e~ 

(6.24) 

The remaining seven components are all vanishing for this specific case: 



QrQ x = Qr9 2 = Gra = Qaz = (6.25) 



with the spacetime metric h~i. Therefore (6.24) and (6.25) are basically the 28 

components of our metric. 

Having gotten the precise components and the one forms that describe our background, 
we can now get back to some of the questions that we raised earlier in the type IIA section. 
Our first question was to verify the non-Kahler nature of the type IIA picture (6.23). To 
do this we need the vielbeins. They can be calculated from the one forms (6.1) and (6.2). 
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With the assumption 

n\ = n 2 = Ai = A 3 , n 3 = n 4 = A 2 = A 4 (6.26) 

the vielbeins are now easy to determine. They can be extracted from the metric compo- 
nents (6.24), (6.25) and the one forms (6.1), (6.2) if we put <fi = in (6.24), and are defined 



as 







dx^ = e a x dx + e a y 


% + e" cfe + eg. <i6>; + e" dr, 


(6.27) 


where a = 1, . 


.., 6 and 


are given by (recall that £ = \/ 93/92)'- 






= -sin -01 

2 ^ 


e 3 


e fl! cos (^1 + Ai) 






+ 2^' 


v/2(7 2 - 94/ i 2 cos A i 






= ^sin -02 


-e 3 

_ y 


~ e <9 2 cos (ip2 - A 2 ) 




V 2 92 -9a/C 


vWf + 2 92 


V 2 92 -94/i 2 cos A 2 


a/W£ + 2 92 


e 2 


= -cos ihi 
2 ^ 


e 4 


-e\ x sin (^1 + Ai) 


-P 4 


\I^92-9aH 






a/W£ + 2#2 


e 2 


= ^cos V2 


-4 


ej 2 _ sin (-02 - A 2 ) 


-4 


V 2 92 ~ W£ 




a/2^2 - W£ 2 cos A 2 


a/W£ + 2 #2 


e x = Vfh Ai 


cot #1, e y 


= ^ A 2 cot 2 , 


e ^ = -y/9i Ai tan Aj cot 9 U 


(6.28) 


with the remaining components all vanishing except given by e% = y 7 


'V/i, where we 



have defined 7' in the beginning of section 5. These are the local vielbeins for our case, 
and the metric (6.23) can also be written in terms of (6.28). In fact, as is well known, both 
the metric and the fundamental two form J for our case can be written using the vielbeins 
(6.28) as: 

6 

ds 2 = J2 e a ®e a , J = J2 e a A e b . (6.29) 

a=l a,b 

One may also define complex vielbeins as (e 1 + ze 2 ), (e 3 + ie 4 ) and (e 5 -He 6 ), then we get 
J = (e 1 A e 2 ) + (e 3 A e 4 ) + (e 5 A e 6 ). This reads in components as: 

J = (a 2 — a\) sinipdx A dy — (a 2 + a 2 ,) dx A d9\ + (a 2 + a\) dy A d9 2 
+ (a 2 — a 2 ) [cosip — sinip tanA2] dx A d9 2 — (a 2 — a 2 ) [cos ^ — sinip tan Ai] dy A d9\ 

— (a 2 — a 2 ) [cos ip (tan Ai + tan A2) + sin ijj (1 — tan Ai tan A2)] d6\ A d9 2 
+ a^a^Ai cot d\ dx Adr + a4CtsA2 cot 9 2 dy Adr + a^cts dz A dr 

— 0:4015 Ai cot 9\ tan Ai d$i A dr — 0405 A 2 cot 9 2 tan A2 d6 2 A dr. 

(6.30) 
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From here one can easily compute dJ and show that in general dJ 7^ because of terms 
like d\i. This implies that the metric (6.23) is in general not Kahler. 

Having reached the explicit form of the background, it is now time to pause again a 
little to discuss some of the expected mathematical properties of these backgrounds. The 
six dimensional manifold that we gave in (6.23) has an SU(3) structure, is non-Kahler and 
in general could be non-complex. Mathematical properties of such manifolds have been 
discussed in some details in [^7f , |68| , |33|] , |19| though an explicit example have never been 
given before. To our knowledge, the examples that we gave in this paper, are probably the 
first ones. 

The holonomy of these manifolds are measured not wrt to the usual Riemannian 
connection, but wrt so-called torsional connection. Earlier concrete examples of this were 
given in [p9"|] , P2"| , ]7D| , ]3"1{] , |HfJ. These examples dealt mostly with heterotic theory and 
were non-Kahler but compact with integrable complex structures. The examples that we 
gave here are mostly non-compact, though compact examples could also be constructed 
with some effort. Both the heterotic cases and the type II cases are examples of torsional 



manifolds. As discussed in ||27|| , ||19| and ||33|1 , the torsional manifolds are classified by 
torsion- classes Wi, with i = 1, 2, 5. In fact, the torsion T belongs to the five classes: 



T e Wi © W 2 © W 3 © W 4 © W 5 



(6.31) 



which in turn is related to the SU(3) irreducible representations. To determine the torsion 
classes for our case, we need the (3, 0) form Q: 



O = 0+ + zO_ = (e 1 + ie 2 ) A (e 3 + ze 4 ) A (e 5 + ie 6 ) 



(6.32) 



where e l are computed in (6.28). From the definition of the fundamental two form J in 
(6.29) it can be observed that both Q± are annihilated by J and 0+ A fi_ = | J A J A J. 
For our case, 



= e 1 A e 3 A e 5 — e 2 A e 4 A e 5 — e 1 A e 4 A e 6 — e 2 A e 3 A e e 



e 1 A e 4 A e 5 + e 2 A e 3 A e 5 + e 1 A e 3 A e e 



e A e A & 



(6.33) 



Using the three forms, and the fundamental two form J all the torsion classes can be 
constructed. The fundamental two form J and the holomorphic (3, 0) form O are not 
covariantly constant, as we had observed earlier in fflU , p2H , fl3"4fl , fl36fl , and they obey 



Ly m ,J np v m' J np ^mn °rp ^mp u nr 







Ly m iL rimp v m iL npq ■ L mn iL rpq ■ L mp iL nrq ^mq iL npr u - 



(6.34) 
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The fact that the complex structure is also not integrable might be argued from the 
definition of the complex vielbeins: e 1 + ie l+1 , that we gave earlier. A more detailed 
analysis of the mathematical discussion that we gave here will be relegated to part II. The 
fact that the fundamental two form is not covariantly constant implies that dJ involves 
(3,0) and a (2,1) +c.c pieces. The definition of d becomes: 

du^ q) = du (p ~ hq+2) + du^ q+1) + du (p+1 > q ) + dJ p+2 > q -^ (6.35) 

which, for an integrable complex structures will not have the duj( p ~ 1,q+2 ^ + doj( p+2 ' q ~ 1 ' 
pieces. 

The lift of these six dimensional manifolds in M-theory gives rise to G2 manifolds in 
M-theory equipped with a G2 structure. The G2 structure is specified by a three form Q 
that could be easily evaluated from the vielbeins. We have already defined six vielbeins 
earlier. Let us define e 7 = 03 + £3. Using this we can use the SU (3) structure to determine 
a G2 structure on the seven manifold as: 

O = J A e 7 + 0+ 

= e 1 A e 3 A e 5 — e 2 A e 4 A e 5 — e 1 A e 4 A e 6 — e 2 A e 3 A e 6 (6.36) 
+ e 1 A e 2 A e 7 + e 3 A e 4 A e 7 + e 5 A e 6 A e 7 . 

This determines the G2 structure induced from the SU (3) structure of (6.23). The G fluxes 
will give rise to a three form G3 = *-jG on the seven manifold. This G3 is not related to 
the torsion, the torsion three form being given by 



— * dQ — * 



- * (*dQ A Q) A Q 



(6.37) 



To see how the connections in both the theories behave, the reader may want to look into 



72]. The equivalent to the torsion classes are now the four modules [73]: 



T GXi©X2©X3©X4 (6.38) 

where Xi are the 1, 14, 27, 7 of SO(7). For our case we do not have a closed three form and 
therefore the manifold will have a G2 structure. A G2 structure of the type xi © Xs © X4 



is in general integrable with a Dolbeault cohomology given in ||74|1 . For further details see 
Appendix 2. 
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There are many questions that arises now regarding the seven dimensional manifold 
that we presented. They will be tackled in the sequel to this paper. To continue, we 
will assume that the manifold has an explicit G 2 structure. It goes without saying, of 
course that, since we followed strict mirror rules the background that we get should always 
preserve the set of conditions required. 



7. Chain 3: M-theory Flop and Type IIA Reduction 

Having the G 2 manifold, we can perform a flop transition and reduce to the corre- 
sponding type IIA picture. Before we perform the flop, we revisit the one-forms of the 



previous section. We will continue following the steps laid out in |p8 |, f29[| , since the local 



behavior of our metric is almost that of ||28|| , pS 



To proceed further, first define a set of 2 x 2 matrices N\ and N 2 in the following way: 

Al / c7 3 e^ 1 [e lAl sec Ai dd x - i dx}\ , , 

1 ~ \e-^ [e~ iXl sec Ai dQ x + i dx] -a 3 J { } 

N x 2 = ( S3 ^ [e~^ sec A 2 d6 2 + 1 dy}\ 

2 ~ V^"^ 2 t elA2 sec A 2 d9 2 -idy] -E 3 J 1 ' 

where 03 and E3 are the one form appearing in (6.1) and (6.2), and we have again intro- 
duced the factor £ to account for the asymmetry in the x and y terms. The off-diagonal 
terms in the matrices are contributions from the torsional part of the metric in the type 
IIA theory. Observe that, in the absence of B fields (in the original type IIB theory), these 
matrices will take the following known form: 



dipx + Ai cot 6>i dx e^ 1 (d9x - i dx) 
e"^ 1 (d0i + i dx) -dip! - A x cot d x dx , 

dif; 2 - A 2 cot 9 2 dy £e 1 ^ 2 (dd 2 + i dy) N 



N 2 { £ e -^2( d Q 2 _ i dy j _ dl fj 2 + a 2 cot 6 2 dy 



which can be easily derived from the one forms given in y28[ , pp| 

The matrices (7.1) and (7.2) can be combined in various ways to create new 2x2 
matrices for our space. A generic combination will be 

N^f = a - b (7.4) 

with integral a, b. Using various choices of a, b we can express our eleven dimensional 
metric. Locally however, one can show, that there are two choices given by N^A 2 and 
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N^f that are specifically useful to write the M-theory metric. In the absence of B fields 
(in the original type IIB picture) these matrices are related to the left invariant one forms 
u and to for the Gi spaces, i.e. 

N™ 1} - fi>, N™ 1} -> u (7.5) 

as an equality up to SU(2) group elements. Of course, since for our case there is no 
underlying SU{2) symmetry globally (our manifold being non-Kahler from the start i.e. 
directly in the type IIA case) these relations are only in local sense. In the presence of B 
fields — or non trivial fibrations in the mirror/M-theory set-up — the metric can still be 
written in terms of N^^ 2 even though they are no longer related to u and Co. In fact, if we 
remove the restriction on a, b in (7.4) as simple constants and allow more generic values 
for them, we can express our M-theory metric completely in terms of (7.4) in the following 
way: 



det Nfcfi - Tr 2 (N^f ■ T 3 ) - det Nfc^ - Tr' (Ng* ■ T 3 ) (7.6) 



A1A2 rp 1 2 /'A7-A1A2 



where T 3 is the third Pauli matrix, and f3, 7, 6 and e can be extracted from (6.21) as: 



P — ~~7T~ V 2 92 - 94/ 1 I= e -1T \/4<?i - 2g 2 + g±H 

i (7-7) 



_ * 

S = e ~^~ V^ + W?, e = ^ ^4e^ - 2g 2 - g 4 /£. 
In the absence of fluxes i.e. = 0, on the other hand, it is conjectured that the M-theory 

rAi Ao 



metric can be written in terms of N^ h ^ as 

ds 2 = -det N^ A] - det N$ _ B] (7.8) 

where the values of A and B are defined at the radial distances r = tq. We see that this 
type of metric is not realized in out set-up because (7.6) do not reduce to (7.8) by making 
Ai = 0. To compare our result (7.6) to the one without fluxes, we need the metric of the 
G2 manifold with terms of the form det iV 00 — Tr 2 (iV 00 • I^). Taking this limit is of course 
possible and an example of this has been given in , . Our manifold would therefore 
resemble this scenario, although one has to be careful here. The identification is only local 
where the A^ values are approximately constant. The matrices iVj in the presence and in 
the absence of fluxes differ by Ai terms, giving rise to one forms that do not have any 
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underlying SU{2) symmetry. To summarize the situation, our metric (7.6) in the presence 
of fluxes gives rise to new G 2 holonomy manifolds that have not been studied before. In the 
absence of fluxes, (7.6) gives rise to one of the examples studied in [[?SJ (see e.g. equation 
(3.5), and discussion) which in our notation would look like: 



ds 2 = 



det JVg o] - Tr 2 (N™ b] • T 3 



00 



det Af c °_ c] 



(N^_ d] • r 



(7.9) 



with a, 6, c and d are defined at the radial coordinate r = r$ as: 



a 



Ar^ + 12r - 27 



'367Y 



Ar 2 



81 



48 



d 



24 



Ar 2 



12r - 27 



48 



16r£ - 48r[j - 148rg + 108r + 324 



48(4rg - 9) 



(7.10) 



As mentioned in ||28|| . ||29|| , there are alternative expressions for the values of a, 6, c and d 
obtained by scaling the metric. Then the scale factor will appear in the set of relations 
(7.10). This will be useful for us to get rid of e _1 factors in the type IIA three form dB 
with B given earlier in (5.60). We will discuss this soon. For more details the readers can 
see sec. 3 of |p8| . This is the point where our conclusions would differ from the results of 
|49j| where (7.8) is presented as the M-theory lift of the type IIA configuration. 

To proceed further, we need to perform the flop transition and go to the corresponding 
type IIA picture. On the other hand, if we followed f49 ], we would see from the one forms 
(6.1) and (6.2) that we now have two possible directions along which we can compactify 
and come down to type IIA: dx and dQ\ (or correspondingly dy and dd-z). But the d\ 
direction is not globally defined as it comes with the corresponding type IIA b x g 1 field. So 
the compactification to type IIA should rather be performed along dx. To see this, let us 
first write the M-theory metric in the following suggestive way: 



ds' 



e~~gx(dz + 71 d9 x + 72 Dyy + e~ (dxn + 73 d9 x + 74 Dyf+ 



20 



24> 



+ e - g 3 (d6Z + Dy z ) + e ~ g 2 cor Ai ddf + g 5 (dx + A) 2 - g 5 A A + 



+ e 



2<t> 



2d, 



#4 cos (ip + Ai) sec Ai d9\ d9 2 + e 3 (74 sin (ip + Ai) sec Ai Dy dd\ 

(7.11) 

where we have already defined Dy = dy — tan A2 d9 2 earlier, and the dx fibration structure 
is represented as dx + A, A being the corresponding one form that will appear in type IIA 
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as gauge fields. The other variables appearing in (7.11) can be defined as follows: 

71 = — Ai cot 6*i tan Ai, 72 = A2 cot 02, 73 = —A3 cot 6>i tan Ai 

74 = -A 4 cot 2 , 95 = e^ = (fifi A 2 cot 2 0i + #2) e"^ + e^A^ cot 2 X (7.12) 

A = A x dz + A 2 d6i + A 3 d6 2 + A 4 Dy + A 5 dx u 

where $ is the type IIA dilaton and Ai are the components of the gauge fields defined in 
the following way: 



M = -7. r^. 53 «r— r^r, A i = -tan Ai 



A? 



A, 



2</> 

e 3 gi Ai cot 0i 


(g 2 + gi A 2 


cot 2 #1) e"^r + e^A 2 


cot 2 






±e 3 g 4 sm ip 






(g 2 + 9l A 2 


cot 2 0i) e"^r + e^A 2 


cot 2 


0i 




e 3 A 3 cot 0i 







(7.13) 



(^2 + #1 A 2 cot 2 6\) e~^r + e^Aj cot 2 X 
cot cot Ho (e 

A 



cot 0icot 02 (e 3^ A x A 2 — e 3^ A 3 A 4 ) — |e 3^ gf 4 cos ip 



(g 2 + g x A 2 cot 2 d\) e"^r + e^r A| cot 2 0i 

The metric (7.12) would basically be our answer, but if we look closely we see that (7.12) do 
not resemble the expected resolved conifold metric in the absence of b x g 1 , b y g 2 . Therefore 
instead of reducing along dx, which would not give us the expected resolved conifold metric 
in the absence of b x g 1 , b y g 2 without further coordinate transformation, we will consider 
performing a flop in M-Theory and then reduce along dxu. To consider the flop and the 
subsequent change in the metric we have to do a transformation to our M-theory metric 
(6.20). Before moving ahead, let us clarify one minor thing regarding the scalings of the 
metric (6.20). As discussed in [p8| , [^9| , scaling the metric from Q — > a 2 Q keeps the G 2 



structure intact. We can use this freedom of rescaling the metric to remove the e~ 2 factor 
in (5.60). The coordinates of the G 2 manifold are given in terms of x,y, z,9i,9 2 and xu 
at a point r = r . Let us scale the radial coordinate r as r — > r . We also want to 
scale dz as dz so that dip would not scale. This is important, since now the sin ip and 
cos ip in the metric (6.23) will remain unchanged. If we now rescale 



x,y,z,6i,xu -> es x, y,e® es 9 i: ee x 



11 



the metric (6.23) or the complete M-theory metric (6.20) will have an overall scale of es 
(provided, of course, that we also scale the B field b mn in the fibration accordingly). This 
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metric preserves G2 structure as before, but now the three form flux C3 coming from the 
two form Bns in (5.65) as C3 = B Adxn will be finite. Thus, we can make the background 
finite using the rescaling freedom, and therefore this gives us confidence in considering only 
the finite part of the background (5.65) and the metric (6.23) without any e dependences 
anywhere. 

After this detour, it is now time to consider the issue of flop on the M-theory metric 
(6.20). This way we will be able to connect the final answer, after dimensional reduction, 
to the type IIA metric implied above in (7.11). A simple way to guess the answer would be 
to restore the case without any torsion. In the absence of torsion the type IIA reduction 
should be a resolved conifold with fluxes and no D6 branes. This would imply that the 
metric looks like two tori. If we now use our one forms (6.1) and (6.2), one way to generate 
this would be if we consider the transformation on N, 



Ai A2 
a, b] 



as: 



ArAi A2 

iV [l,0] 



A7A1A2 
iv ri±I IT 



N, 



[0,-1] 



AT-Al A2 

iv rW li 



(7.14) 



upto possible conjugations. Locally, the above relation will imply a similar relation in the 
absence of type IIB fluxes. We have also kept a parameter / in (7.14). Therefore, the 
transformation (7.14) will convert our case (7.6) to: 



a6 Flop 



det N, 



I0,o] 



Tr 



^ V [7,0] 



r 3 ) - det N$% - Tr^ (N$£ } 



2 ' !\rAiA 2 . p 



(7.15) 



upto possible rescaling, and /3, 7, 5 and e have already been given in (7.7). 

In the limit / —>■ the above metric gives the right tori parts but fails to give the 
fibration structure correctly. This implies that a global definition a-la (7.14) may not be 
possible here. What went wrong? A careful study of (7.15) reveals that in the summation 
of the one forms E a — / a a , a = 1, 2, 3 we had used the same / for all the three terms. In 
the limit where / — > this gives the right torus metric but wrong fibration. A way out of 
this can be immediately guessed by having a different factor in the third term, i.e. having 
S3 — g tr 3 , and the rest with /. Locally, this is exactly the one predicted by [J75| , and 
therefore, using out patch argument, we can extend this to all other patches. This implies 
the following metric after we make a flop in M-theory: 



Hi 2 

as Flop 



det JVM - Tr z ■ T 3 ) 

2 



[13,0] 

rAi Ao 



det iV^I, + Tr 2 (N^ } ■ T 3 ) - Tr z (N^^ } ■ T 



Ai A2 



/->0 



(7.16) 



where the variables have been defined in (7.7) and (6.21). Thus, before flop the metric is 
given by (7.6) and after flop it is given by (7.16). 
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7.1. The Type II A Background 

To obtain the type IIA theory we can reduce either via dz or via dx\\. This will not 
lead us back to the type IIA theory we started with because of the change induced in the 
metric by the flop. To have a one to one correspondence with the type IIA picture before 
flop, let us reduce along direction dx\\. The new G 2 metric can now be written in the 
following suggestive way: 



ds 



2 „3f 



44, 
e 3 



dz + Ai cot 0i (dx - b x e x d6\) + A 2 cot 2 (dy - b y e 2 d9 2 ) 



1 

+ 4 e " 



04 



01 



[del + (dx - b x9l de x ) 2 ] + e"^ 
dxn + 2 A x cot 0i (dx — b x o 1 d$i) 



94 



2 + if J M + ( d y - h vo 2 de 2 ) 2 } 



(7.17) 

which clearly shows that the base is locally a resolved conifold. Note, that we have again 
used the freedom to absorb A z into dx\\. The dxn term in (7.17) is basically the fibration 
over which we have to reduce to get to type IIA theory. As mentioned above, we can also 
reduce along dz, as the dxu and dz directions can be easily exchanged among each other. 
The metric (7.17) is thus the right G 2 metric after flop and could be compared to (7.11). A 
redefinition of the coordinates of (7.11) and some coordinate transformation would relate 
(7.11) to (7.17) and would also simplify the form of the gauge potential given earlier in 
(7.13). The final type IIA metric after a dimensional reduction turns out to be: 



ds 2 =\ (<2g 2 - |) [del + (dx - b x9l de 1 f] + \ (2g 2 + |) [de 2 + 



(dy 



+ e 



2<P 



dz + Ai cot 0i (dx - b x e 1 d0\) + A 2 cot 2 (dy - b y e 2 de 2 ) 



b y s 2 de 2 ) 2 ] 



(7.18) 



which is precisely the metric of a resolved conifold when we switch off b x e 1 and b y g 2 (or 
consider it locally over a patch where b x g 1 and b y e 2 are constants) . In the presence of b x g 1 
and b y g 2 we get the "usual" metric but shifted by the generic ansatz that we proposed 
in (5.63). Therefore, we can now make a precise statement: the metric before geometric 
transition is given by (6.23), and after the transition is given by (7.18). The type IIA 
metric has two tori whose radii are proportional to 



ri 



= ^202-04^0302 X > r 2 = ^202+04^0302^ ( 7 - 19 ) 
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One of them would shrink to zero size while the other doesn't when we approach the origin. 
The type IIA coupling is now given by 



9A 



3 _ ± _ 3 

= 2 2 e 2 a 4 



(7.20) 



where a is defined in (5.8). Observe that the coupling is not a constant but is a function 
of the internal coordinates, and it doesn't blow up anywhere in the internal space. This 
background is the expected background after we perform a geometric transition on (6.23). 
This means that the D6 branes in (6.23) should completely disappear and should be 
replaced by fluxes in the type IIA picture. From the G 2 manifold that we had in (7.17), 
we see that this is indeed the case, and the gauge fluxes are given by: 



which, as one can easily check, looks like the remnant of D6 brane sources modified ap- 
propriately by our ansatze (5.63). There are also B^s fields that originate from the 
dimensional reduction of the three form fields in M-theory. Since we are reducing along 
the direction dxn they would be the same B field that we had in (5.65). The only differ- 
ence will be that the finite part (which is of course B itself) is now the exact solution as 
we had removed the e -1 / 2 dependence by scaling our G 2 manifold before flop. The Bns 
can be written down directly from (5.65) as: 




= dx A d$i -dy Ad9 2 +A d6i Adz- B (sin V dy - cos if) d9 2 ) A dz, (7.22) 



which will again be a pure gauge artifact. Combining (7.18), (7.20), (7.21) and (7.22), we 
recover the precise background after geometric transition in type IIA picture. 

7.2. Analysis of Type IIA Background and Superpotential 

In this section we will try to verify the non-Kahler nature of our background and 
the corresponding superpotential. Other detail aspects, for example non integrability of 
complex structure, torsion classes etc., will be left for part II of this paper. To check the 
non-Kahlerity of this background we will have to determine the corresponding vielbeins. 



A ■ dX = 2Ai cot #1 (da; - b x01 d0i) 



(7.21) 
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They can be easily extracted from (7.18), and are given by: 
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(7.23) 

where r± and r 2 are the radii of the two tori as defined earlier. We have kept e & r undefined 
here. But this can also be easily seen to be the usual vielbein for the resolved conifold 
case in the type IIB picture. Now to check the non-Kahlerity we have to construct the 
fundamental two form J using these vielbeins. Before evaluating this, observe that in the 
absence of b x g 1 and b y g 2 the manifold should be Kahler with a Kahler form J. In the 
presence of b x g 1 and b y g 2 the fundamental form J can be written as a linear combination 
of the usual Kahler form J and additional b x g 1 and b y e 2 dependent terms, as 



J = J + e ^ (Ai cot #i b x01 e G r A d6 x + A 2 cot 6 2 b y02 e% A d9 2 ) 



(7.24) 



where dJ = 0. From above it is easy to see that dj ^ in general because of non- 
db x g 1 and db y g 2 . Therefore the manifold (7.18) is a non-Kahler manifoldS For 



zero 



28 As this point one might wonder about the global behavior of (7.18). Before geometric transi- 
tion the global type IIA picture had extra six branes and other defects. After geometric transition 
we would still expect some of the six branes and possibly other defects to reappear. One has to 
carefully do the flop operation in the presence of these objects to see how many of them would 
survive in the type IIA side. More details on this will be presented elsewhere. 



62 



completeness, let us also write down all the components of the type IIA metric: 



xx 9xy 9xz 
9xy 9yy 9yz 
9xz 9yz 



' 9xx 9xy 9xz 9xQ\ 9x9 2 ^ 

9y0! 9y0 2 

9zz 9zG 1 9z9 2 

9xe 1 9 y e 1 9ze x 9e 1 e 1 9e x e 2 

\9xG 2 9 y e 2 9z8 2 9e 1 e 2 9e 2 9 2 

e 2<t> AB 



( 



e^AB 
e 2 *A 
— b x e 1 Ci 
\-e 2 %e 2 AB 



e^A 
e^B 



—bxOiCi 
-e 2 *b xdl AB 
-e 2 *b x9l A 



C + b^d 



-e 2 %e 2 AB \ 
-b y e 2 D 1 
-e 2 %e 2 B 
e 2 ^ABb x01 b y e 2 



e 2<t> B e 2ct> 

-e 2 %e 2 AB -e 2 H x9l A : 1.2 

-b y e 2 D x -e 2 %e 2 B e 2 * 'ABb x9l b y e 2 D + b 2 yQ D x ) 

(7.25) 

where A and B have been defined earlier in (5.14). The other variables appearing in (7.25) 
can be defined as follows: 



d = C + A 2 e 
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D + B 2 e 2 ^, 
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(7.26) 



Thus, (7.25) is the final answer for the type IIA background without any D6 branes and 
with two- and three-form field strengths. There are many questions that arise from the 
explicit background that we have in (7.18) and (7.25). Let us elaborate them: 
• The first issue is related to the choice of complex structure for our manifold. The complex 
structure is written in terms of the fermions, and therefore we have to see how the fermions 



transform under three T-dualities. From the generic analysis of [7(J , we see that the T-dual 
fermions give rise to a complex structures that is in general not integrable (in other words, 
the Nijenhaus tensor does not vanish). Therefore we will get a non-complex manifold. 

• The next issue is related to the non-Kahlerity of our manifold. The naive expectation 
(also from the results of []TI|) would be that the manifold we get in type IIA will be half- 
flat. This comes from the fact that (7.18) is non-Kahler and also non-complex. Half-flat 
manifolds are classified by torsion classes. For our case all these can be explicitly derived 
from the metric. Below we will show that the naive expectation is not realized in string 
theory and our manifold will be more general than a half-flat manifold. 

• The third issue is the asymptotic behavior of our metric. We haven't yet checked whether 
the metric that we derived above is non-degenerate and non-singular. Although unrelated, 
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a similar metric with identical B dependent fibration structure found in [|69f , [ 34" | , [ 36 
showed a good asymptotic behavior and was non-degenerate and non-singular. For the 
present case however, we don't know the full global metric as our type IIB starting point 
was the local metric that ignored the seven branes. Once the full global story becomes 
clear, we should study the singularity behavior of the metric. 

• Last but not the least, we need to determine the superpotential that governs our type 
IIA background. Before doing so, let us start by recalling which the fields are present 
in M-theory. The NS field (5.65) is lifted to a three- form C by adding a leg in the x 11 
direction. Its derivative is G = dC. For the compactification on a Gi manifold X with 
the invariant 3- form O defined earlier in (6.36), the form of the superpotential was first 
as: 



proposed in [77 



W= / Cl AG. (7.27) 



x 



This form of the superpotential has been corrected in [FSJ , [I79J in order to make the right 
hand side a complex quantity. The superpotential becomesi! 

W= [ (fi-HC)AG. (7.28) 
Jx 

Then, when reducing from 11 dimensions to 10 dimensions as in [ fi9f , |[T5|| , instead of just 
obtaining the volume of the resolved conifold J, we get the complexified volume J + iB, 
and this is the quantity that enters in the 10 dimensional potential to give 



Wx 



[ (J + iB)AdH 3 . (7.29) 
Jx 6 



This is true because Q descends to J as it loses one leg but G descends as an RR 4- 
form. The RR 4-form should originate from D4 branes. Since we know that our brane 
configurations did not contain any D4 branes, there is no contribution from dH 3 in the 
superpotential. 

But this is not the full story because of the properties of the compactification manifold. 
By considering the dimensional reduction on the manifold (7.18), we have to use the fact 
that the manifold does not have a closed (3,0) form. Let us first recall the results for the 



29 Of course, the superpotential is for a generic G2 structure. If the structure group is a 
subgroup of Gi then the superpotential will be a truncation of the one that we mention here. 
These details have been addressed recently in p0[ . We thank K. Behrndt for correspondence on 
this issue. 
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case without torsion [^T], | 2"0[[ . In that case the condition that the (3,0) form is closedE2l is 



related to a differential equation for a function depending on the radial coordinate. The 
result was a one parameter family of Calabi-Yau metrics on the resolved conifold. 

In our case, the situation is different. We consider equation (7.18) and we read off the 
vielbeins from (7.23). The holomorphic 3-form is built as before as: 

O = (ei + ie 2 ) A (e 3 + ie 4 ) A (e 5 + ie 6 ). (7.30) 

From (7.30) we see that the condition for the (3,0) form to be closed implies a differential 
equation which involves the functions b x g 1 , b y g 2 , as they appear in x, y, z. As the functions 
b x e 1 5 b y o 2 are arbitrary, the differential equation will not have a solution for generic values of 



b x 6i 5 b y e 2 , so our situation is different from the one of |81| . It also differs from the situation 



of [20] in the sense that our manifold is not Ricci flat because the same differential equation 
does not have a solution for generic values of b x g 1 , b y e 2 . For our case one can explicitly 
evaluate the three-forms. Using the definitions of Dx and Dy we can express our result 
as: 



e b r d9i A d02 A dr - e d6 x A Dy A (dz + A x cot 6\ Dx) + 



— ef. Dx A Dy Adr + d9 2 A Dx A (dz + A 2 cot ^ 2 
°~ = = d6»i A d6» 2 A (dz + A 1 cot 6 X Dx + A 2 cot 6 2 Dy) + 

+ e G r (ddi A Dy Adr + Dx A d6 2 A dr) — Dx A Dy A dz 



(7.31) 



where e^. is the associated vielbein for the r direction. From above we see that both 
<ifi_i_ and <ifi_ will not vanish for the background that we have. The existence of b x g 1 , b y g 2 
implies the non-closeness of the holomorphic 3-form O. Therefore our manifold is a specific 
non-complex, non-Kahler manifold that is not half-flat. Manifolds with an O which is not 
closed have been studied in |]19| where four forms F 2,2 oc (dfl) 2,2 correspond to harmonic 
forms measuring flux, and they can be expanded in some basislll. The four forms can 



30 This statement is equivalent to saying that the manifold is Ricci flat. 

31 For integrable complex structures one could expand in h 1 ' 1 basis, although if the manifold is 
simultaneously non-Kahler this would be tricky. Recall also that we are using 

dQ {2 ' 2) + dO (3,1) + dft (4 ' 0) for the non-complex manifold. 
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then be combined with the independent holomorphic 2 forms to give contributions to the 
superpotential as 

(J + iB)Adn. (7.32) 

This way we encounter a first concrete example where the superpotential gets an extra 
piece from the non closed holomorphic 3-form. The case in |19|] involved an Q with only 
the real part non- closed and the manifold was a half flat manifold. Our case is more 
general, as both dQ + and <ifi_ can be non zero as functions of b x Q 1 , b y g 2 . 



8. Discussion and future directions 

The subject of the present work was to clarify issues concerning NS fluxes in geometric 
transitions and the non-Kahler geometries arising in the mirror pictures. Our starting 
point was the observation of Vafa || that the closed string dual to D6 branes wrapped on 
a deformed conifold is not a Kahler geometry. To obtain this mysterious departure from 
Kahlerity, we started!! from a IIB picture with D5 branes wrapped on a P 1 cycle inside 
the resolved conifold and went to the mirror picture by performing three T-dualities on the 
fiber T 3 . The result was a non-Kahler geometry whose metric could be given precisely as a 
non-Kahler deformation of a deformed conifold. We then lifted this to M theory where the 
result was a new Gi manifold with torsion. A flop inside the Gi manifold and a reduction 
to type IIA brought us to the closed IIA picture with a non-Kahler deformation of the 
resolved conifold. The latter non-Kahlerity can then be traced back to the existence of the 
NS flux in the initial type IIB picture. Our final result is not quite a half-flat manifold 
as anticipated earlier |19[], but is actually more general because the imaginary part of the 



holomorphic 3-form is also not closed. 

On the way we also solved some puzzles regarding the T-duality between branes 
wrapped on the deformed and resolved conifold. Previous attempts started from the de- 
formed conifold and the problems encountered were related to the fact that this is not a 
toric variety. We started with the resolved conifold which is a toric variety and identified 
the T 3 fibration. 



32 In terms of the dual M = 1 gauge theory this is the IR of the gauge theory. In terms of 
geometry this is the region where r, the radial parameter, is small. 
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8.1. Future directions 

There are many unanswered questions that we left for future work. A sample of them 
£11*6 cLS follows: 

• In the figure we have drawn, there is an extra step which should be covered, the mirror 
symmetry that goes from the closed IIA to closed type IIB and it would be interesting to 
see whether this would give rise to a Kahler geometry with NS flux or to a non-Kahler 
geometry. Unfortunately, there is an immediate problem that one would face while doing 
the mirror transformation. The background that we have has lost the isometry along the 
z direction. Recall that the type IIB background that we started with in the beginning of 
the duality chain had complete isometries along the x, y and z directions. In the final type 
IIA picture the metric does surprisingly have all the isometries, but the B field breaks it. 
Maybe a transformation of the form (4.33) could be used here to get the mirror metric. 

• To get the cross terms in the type IIA mirror metric (on the D6 brane side) we had 
used only a set of restricted coordinate transformations which only lie on the two S 3 
directions of the corresponding type IIB picture. It will now be interesting to see whether 
this could be generalized for the case where we could consider 5r variations. In particular, 
for a particular S 3 parametrized by (i(ji,di,x), one should now consider both Sr and 862 
variations for a given variation of x, B\ and ip%. Similar discussion should be done for the 
other S 3 parametrized by (-02, #2, y)- 

• In the type IIA mirror background we have B fields both before and after geometric 
transitions. On the D6 brane side, the presence of a B field amounts to having non- 
commutativity on the world volume of D6 branes. However, this B field is in general not 
a constant, and therefore may not have such a simple interpretation. This is somewhat 
related to a discussion on C-deformation in ||82|| . The C-deformations in general violates 
Lorentz invariance. It will be interesting to see if there is any connection to our result, or 
if the precise background that we propose does indeed realize the Lorentz violation and 
C-deformations. 

• As discussed above, the manifold that we have in 11 dimensions has a G<i structure. 
However we haven't evaluated the holonomy of the manifold and it should be interesting 
to do so in order to check that the supersymmetry is preserved. One immediate thing to 
check would be whether the manifold could become complex. In other words whether the 
complex structure is integrable or not. This is an interesting question and can only be 
answered after we trace the behavior of fermions when we do the mirror transformation. 
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Generic studies done earlier have shown that in general these mirror manifolds do not have 
an integrable complex structure. In addition to this, there is also the question of the choice 
of the complex structure. Recall that in the type IIB theory which we started out with, 
the background fluxes generate a superpotential that fixes the complex structure. This 
would imply that the Kahler structures are all fixed in the type IIA picture. On the other 
hand, if we start with a type IIB framework with, say, h 1 ' 1 = 1 one might also be able to 
fix the complex structure in the mirror just by fixing the Kahler structure in the type IIB 
side via (non-perturbative) corrections to the type IIB superpotential. Thus the choice of 
complex structure in type IIA will be uniquely fixed. It will be important to see if the 
choice of complex structure that we made here is consistent with the value fixed by the 
superpotential. 

• There is another important aspect of geometric transition that one needs to carefully 
verify. This has to do with the disappearance of D6 branes when we perform the geometric 
transition. Since D6 branes support gauge fluxes, the disappearance of D6 branes would 
imply that after geometric transition there cannot be any localized gauge fluxes. To show 
this aspect, the M-theory lift will be very useful. Recall that the world volume couplings 
(and interactions) of D6 branes can be extracted from M-theory lagrangian using the 
normalizable harmonic (1,1) form of the corresponding Taub-NUT space [^3f. Now that 
we have fluxes and also a background non-Kahler geometry in type IIA theory (or in other 
words a torsional G2 manifold in M-theory) the analysis of the normalizable harmonic form 



is much more complicated. In the presence of fluxes this has been considered in [84J]. It was 
found there that the harmonic forms themselves change by the backreaction of the fluxes 
on geometry. It will now be important to evaluate this harmonic form and show that it is 
normalizable. This would allow a localized gauge flux to appear in the type IIA scenario, 
proving that the G2 metric is indeed the lift of the D6 brane on a non-Kahler geometry. 
This harmonic form should either vanish or become non normalizable after we do a flop. 
This will show that we do not expect a localized gauge flux in type IIA theory and therefore 
the -D6 branes have completely disappeared! This will confirm Vafa's scenario. However 
as discussed in |28| , the issue of normalisable form is subtle here. In the absence of torsion, 



the usual form is badly divergent even before the transition. In the presence of torsion 
(or fluxes in the type IIB theory) the back reaction of fluxes on geometry might make this 



norm well behaved, as has been observed in [84J] in a different context. This will be useful 
for comparison. 
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• The G2 manifold is explicitly non-Kahler (because it is odd dimensional), and appears 
from a fibration over another six-dimensional non-Kahler manifold. As we saw earlier, this 
manifold is also neither complex nor half- flat. Thus we have a new G2 manifold whose 
slice is a specific six dimensional non-Kahler space. Therefore one should be able to use 



Hitchin flow equations p5[ to construct the G2 manifold from the six dimensional non- 



Kahler space. When the base is a half-flat manifold, this has already been done in the 



work of Hitchin [g5| . The flow equations take the following form: 



dJ=^±, ffl_=-JA^ (8.1) 
dt dt y ' 

where t is a real parameter that determines the 577(3) structure of the base and is related 
to the vielben e-j. For our case, since we know almost every detail of the metric, it will be 
interesting to check whether the G2 manifold follows from the flow equations!!. 
• The non-Kahler manifold that we get in type IIA theory both before and after geometric 
transtions should fit in the classification of torsion classes [[27| . Since they are more generic 



than the half-flat manifolds, the torsion classes will be less constrained. It will also be 
interesting to find the full G2 structure for the M-theory manifolds. 

• The analysis that we performed in this paper starting with D5 wrapped on resolution P 1 
cycle of a resolved conifold is only the IR description of the corresponding gauge theory. 
The full analysis should involve additional D3 branes in the type IIB picture, so that the 
cascading behavior can be captured. However the cascade being an infinite sequence of flop 
transitions, makes simple supergravity description of the full theory a little more involved. 
It will be interesting to pursue this direction to see how the type IIA mirror phenomena 
works. We hope to address this issue in near future. 
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9. Appendix 1: Algebra of a 

In the earlier sections we have defined a as a = 1+A l +B2 where A, B are given in 
(5.14). This quantity a is a very crucial quantity as the finite transformation depends on it. 
While integrating the finite shifts we saw that we need to approximate the transformation 
on a particular sphere, parametrised by (ifti, Xi, 9i), as though the other sphere components 
are constants. In other words, to study the transformation on, say, sphere 1 we take the 
9 2 terms as a constant (or fixed at an average value). In other words, any generic 9i will 
be denoted as 

e 1 = {e 1 ) + -& 1 , 9 2 = (9 2 ) + $ 2 (9.i) 

where (#1,2) are the average values of the 9 coordinates. To see how the a factor responds 
to this, let us first define three useful quantities: 

= 1 , A2 ^.2 Z~ A 2 „„+2 in \ » ( a >2 = 



1 + A? cot 2 6>! + A 2 cot 2 (9 2 ) ' w 1 + A? cot 2 (0i) + A 2 cot 2 9 2 

^ = 1 + A 2 cot 2 (0x> + A 2 cot 2 (9 2 ) 
Using the above definitions, one can easily show that y/ot has the following expansion: 

y/a = v / («)i (1 + x A 2 cot 2 (9 2 ))~^ (9.3) 

where we have kept the radial variations as constant as before, and the quantity x appearing 
above being given by the following exact expression: 

4 cosec 2(6 2 ) tan $ 2 (1 + cot 2{9 2 ) tan # 2 ) 
X_ 1 + cot (9 2 ) tan tf 2 (2 + cot (9 2 ) tan tf 2 ) ' 

If the warp factor A 2 is chosen in such a way that in (9.3) the quantity in the bracket is 
always small, then a will have the following expansions at all points in the internal space: 

yfa = y/J^l - I x A 2 2 cot 2 (9 2 ) (a)l /2 + .... (9.5) 
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and therefore could be approximated simply as v/ (ct)i. Similar argument will go through 
for (a) 2 for the other sphere. Another alternative way to write a is 

^=^L + ... = ^L + ... (9 . 6) 

where again the dotted terms can be easily determined for different spheres. The above 
two pair of expressions: ^fot = ^ 2 and ^Jol = ~7^=y are responsible for the two 
different set of coordinate transformations in (5.50) and (5.51) with m = ±1. Observe also 
that under the above approximations, some of the components of the deformed conifold 
metric will now look like: 

ds2 ei02 = -2a/ (a)i(«)2 Jxy dOi d9 2l 

ds 2 e262 = (a) 2 {l + A\)del (9.7) 
ds 2 eiei = {a) 1 {l + B 2 1 ) dOl 

where A\ and Bi are the values of A and B at the average values of Q\ and 9 2 respectively. 



10. Appendix 2: Details on G 2 structures 

The threeform Q that we described earlier in the context of type IIA manifold can be 
fixed by a subgroup SU(3) of SO(6). In fact both J, the fundamental form and O can be 
fixed simultaneously by SU(3). The torsion classes that we mentioned earlier are basically 
the measure of the non-closedness of V J and VO. Detailed discussions on this are in ISF 



27]. As we saw earlier, the type IIA manifold is neither Kahler nor complex. Therfore the 



torsion is generic. When the complex structure becomes integrable the torsional connection 



is known as Bismut connection 87 



Similarly the threeform Q can be fixed by a subgroup of GL7. This is the exceptional 
Lie group G 2 which is a compact simple Lie subgroup of SO(7) of dimension 14. The 
existence of a G 2 structure is equivalent to the existence of the fundamental three form O. 
The following interesting cases have been studied in the literature for the torsion free G 2 



case (for a more detailed review on this the reader may look into the last reference of [72]. 



A short selection on G 2 manifolds are in |88 , [48], [89], [pQ| 



When VO = 0, then holonomy is contained in G 2 with a Ricci flat G 2 metric |91 
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When dil = d * O = then the fundamental form is harmonic and the corresponding 



G2 manifold is called parallel. First examples were constructed in ||88|| . Later on, first 
compact examples were given in |Hj , ]9^] . 

• When <p = *(0 A *dfl) = then the G2 structure is known to be balanced, where f 
is known as the Lee form. If the Lee form is closed, then the G2 structure is locally 
conformally equivalent to a balanced one. When d * O = ip A VL then the G2 structure is 
called integrable. 

In the presence of torsion we have already described the changes that one would expect 
from the above mentioned conditions. In terms of the torsion three form r given in (6.37), 
the connection shifts from V mentioned above to the usual expected form V + \t . Now 
the manifold is no longer Ricci flat and the curvature tensor takes the following form: 

11 1 

where R measures the curvature wrt the Riemannian connection. For the case when the 
base is half-flat, a construction of G2 manifolds satisfying some of the features mentioned 
above is given in ||72|| . For our case we do not have a half-flat base, and therefore the 



manifold that we presented in sections 6 and 7 are new examples of G2 manifolds with 
torsion that satisfy all the string equations of motion. 
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